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Review

Kummer Congruences

Let B, be the n-th Bernoulli number, and m, n be positive even integers

with m = n (mod p~1(p —1)) and n Z0 (mod p — 1). Then B—n’;’ and %
are in Zp and

(1-p™)°m = (1 p")2 (mod p?)

m
m
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Review

Kummer Congruences

Let B, be the n-th Bernoulli number, and m, n be positive even integers

; — -1 Bm Bn
with m = n (mod p~*(p — 1)) and n #0 (mod p —1). Then == and =2
are in Zp and

(1-p")

m
m

= (1§ (mod p?)

v

@ This allows us to define a p-adic L-function interpolating values of the
zeta function - namely the Kubota-Leopoldt p-adic L function

@ We can construct the p-adic L-function from p-adic measures i.e. for
all a € Z there exists some measure 12) on Z, such that

[ Kkt = (= (= P
73

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 2/23



p-adic L-functions

@ We can also construct p-adic L functions associated to Dirichlet
L-functions. Let x be an even Dirichlet character of conductor p” for
some n > 0, we have

/Z ()X = (1 = x(2)a ) (1 — x(p)p )L(~k, X)

X
p

o If we fix k, we can view the above measure ,u(a) as interpolating
L(—k, x) for all Dirichlet characters x as above
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p-adic L-functions

@ We can also construct p-adic L functions associated to Dirichlet
L-functions. Let x be an even Dirichlet character of conductor p” for
some n > 0, we have

/Z ()X = (1 = x(2)a ) (1 — x(p)p )L(~k, X)

X
P
o If we fix k, we can view the above measure u(a) as interpolating

L(—k, x) for all Dirichlet characters x as above

o We have Z = Gal(Q(p>)/Q), where Q(p>°) is the maximal abelian
extension of Q unramified outside of p

e For any number field F/Q, the p-adic L-function should be a measure
on Gal(F(p™)/F), where F(p™>) is the maximal abelian extension of
F unramified outside of p
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Overview of Katz

Fix a CM fie_ld L with ordinary CM type X with respect to some
embedding L < Cp: for any o € X, 7 € X, the p-adic valuation on L
induced by the embeddings

L=L— G

give rise to distinct p-adic valuations
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Overview of Katz

e Fixa CM fie_ld L with ordinary CM type g with respect to some
embedding L < Cp: for any o € X, 7 € X, the p-adic valuation on L
induced by the embeddings

L=L— G

give rise to distinct p-adic valuations

@ The main goal of Katz's paper is to construct a p-adic L-function
which interpolates the values L(0, x) for some Hecke
grossencharacters Y, i.e. we want some measure p such that

/ xdp'="L(0,x)
Gal(L(p>)/L)

@ Katz also shows this p-adic L-function satisfies a functional equation
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Overview of Katz

Fix a CM fie_ld L with ordinary CM type X with respect to some
embedding L < Cp: for any o € X, 7 € X, the p-adic valuation on L
induced by the embeddings

L=L— G

give rise to distinct p-adic valuations

The main goal of Katz's paper is to construct a p-adic L-function
which interpolates the values L(0, x) for some Hecke
grossencharacters Y, i.e. we want some measure p such that

/ xdp'="L(0,x)
Gal(L(p>)/L)

Katz also shows this p-adic L-function satisfies a functional equation

Key idea: interpolating family of p-adic Hilbert modular forms
obtained via differential operators from Eisenstein series
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Hilbert-Blumenthal Abelian Varieties

Fix a totally real field K of degree g over Q
Let D1 be the inverse different of K, i.e.

Dl = {xeF:tr(xy) € Z forall y € Ox}

Let O := Ok be the ring of integers of K

@ Let ¢ be any fractional ideal of K
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Hilbert-Blumenthal Abelian Varieties

o Fix a totally real field K of degree g over Q
@ Let D! be the inverse different of K, i.e.

Dl = {xeF:tr(xy) € Z forall y € Ox}

o Let O := Ok be the ring of integers of K
@ Let ¢ be any fractional ideal of K

Definition

A Hilbert-Blumenthal abelian variety (HBAV) over a scheme S is a
g-dimensional scheme X/S with a map ¢ : O < Endo.(X) such that
locally on S, the O ® Os-module Lie(X) is free of rank 1
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Hilbert-Blumenthal Abelian Varieties

@ Let X ®¢ ¢ be the abelian scheme such that for all schemes S’/S, we
have
(X®)(S)=X(5) @0«
@ This gives a natural O-linear map

¢ — Homo(X, X ® ¢)
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Hilbert-Blumenthal Abelian Varieties

@ Let X ®¢ ¢ be the abelian scheme such that for all schemes S’/S, we

have
(X@¢c)(S)=X(S)®o¢

@ This gives a natural O-linear map

¢ — Homo(X, X ® ¢)

Definition

A c-polarization is an isomorphism X : XV — X ®¢ ¢ under which the
symmetric elements of Homo(X, XV) corresponds to (image of) ¢, and
the polarizations in Homo (X, X") correspond to ¢*, the cone in ¢ of
totally positive elements

@ The symmetric elements of Homp(X, XV) are the maps
{f: X = XY:four)=1"(r)of forall r e O}
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Hilbert Blumenthal Abelian Varieties

o Let wy/s = HO(X,Qk/S), this is dual to Lie(X/S), and both are
O ® Os-modules
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Hilbert Blumenthal Abelian Varieties

o Let wy/s = HO(X,Q}</5), this is dual to Lie(X/S), and both are
O ® Os-modules

e We can upgrade the isomorphism Lie(X) ® o, w — Os to an
O ® Og-isomorphism

Lie(X) ®og0s w — D' ® Os

such that the composition

Lie(X) ®o, w — Lie(X) ®0g0s w — D' ® Os trol 05

gives the isomorphism above

@ Every O ® Og-basis element w gives an isomorphism

Lie(X) = D' ® Os
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Moduli spaces of HBAV

Definition
A Too(N)-structure on a HBAV X/S is an O-linear homomorphism

I.:'D_1®Z,U,N‘—>X
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Moduli spaces of HBAV

A Too(N)-structure on a HBAV X/S is an O-linear homomorphism

I':'D_1®Z,U,N‘—>X

v

Theorem

Let M(c, N) be the moduli space of ¢-polarized HBAVs with g o(N) level
structure. Then M(c, N) is an algebraic stack over Z which is smooth of
relative dimension g. Moreover, for N > 4, the moduli problem is rigid,
and hence M(c, N) is represented by a scheme.

Hence for N > 4 we have a universal object

(Xuniva )‘univy iuniv) L ./\/l(t, N)
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HBAVs over C

@ Every pair (X,w) over C corresponds to a lattice L C F® C
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HBAVs over C

@ Every pair (X,w) over C corresponds to a lattice L C F® C
@ A nowhere vanishing differential w induces an O ® C-isomorphism

w:lie(X) > DleC=FaC
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HBAVs over C

@ Every pair (X,w) over C corresponds to a lattice L C F® C
@ A nowhere vanishing differential w induces an O ® C-isomorphism

w:lie(X) > DleC=FaC

e Since Lie(X) gives a universal covering of X, we have the short exact

sequence
0 — m(X)— Lie(X) > X =0

L is the image of m1(X) under the map above.
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HBAVs over C

@ Every pair (X,w) over C corresponds to a lattice L C F® C
@ A nowhere vanishing differential w induces an O ® C-isomorphism

w:lie(X) > DleC=FaC

e Since Lie(X) gives a universal covering of X, we have the short exact
sequence
0 — m(X)— Lie(X) > X =0
L is the image of m1(X) under the map above.
@ A c-polarization A on X corresponds exactly to an alternating
O-bilinear form
LxL—D
Im(av)

given as (u,v) = — 4, for some A
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HBAVs over C

Every pair (X,w) over C corresponds to a lattice L C F @ C
A nowhere vanishing differential w induces an O ® C-isomorphism

w:lie(X) > DleC=FaC

e Since Lie(X) gives a universal covering of X, we have the short exact

sequence

0 — m(X)— Lie(X) > X =0

L is the image of m1(X) under the map above.
@ A c-polarization A on X corresponds exactly to an alternating
O-bilinear form

LxL—D !

given as (u,v) = w, for some A
[0,0(/V)-structure corresponds to an injective O-linear map

i:D'RZ/nT — LT/
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HBAVs over C

Let a, b be fractional ideals of F such that ¢ = ab™!. We define the lattice
Lop(r) :=2mi(D7ta" - 1@b-7)
A polarization on L p(7) can be described by an alternating pairing:
(2mi(a+ br),2mi(c + d7)) = ad — bc

(In this case A = 47im(7))
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HBAVs over C

Let a, b be fractional ideals of F such that ¢ = ab™!. We define the lattice
Lop(r) :=2mi(D7ta" - 1@b-7)
A polarization on L p(7) can be described by an alternating pairing:
(2mi(a+ br),2mi(c + d7)) = ad — bc

(In this case A = 47im(7))
e Every c-polarized HBAVs is isomorphic to L, ,(7) for some 7

@ [o,0(N) level structure is determined by an isomorphism e
ORZ/NZS a @ Z/nZ
such that
D1RZ/Z 2 D la ' ®Z/nZ 2 Low(r) ® Z/nT
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M(C, N)(C

@ For any 2 fractional ideals m, n, let

SL(m @ n) = {<i Z) ra,d € O,bem ™ n cecmn! det = 1}
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@ For any 2 fractional ideals m, n, let

SL(m @ n) = {(i Z) ra,d € O,bem ™ n cecmn! det = 1}

o Fix a fractional ideal ¢, and ideals a, b such that ¢ = ab™!. Let

Foo(N) := {(i Z) eSL(Dta ' ®b):a,d el + Nato 1,

ce NDa tp !

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 11/23



@ For any 2 fractional ideals m, n, let

SL(m @ n) = {(i Z) ra,d € O,bem ™ n cecmn! det = 1}

o Fix a fractional ideal ¢, and ideals a, b such that ¢ = ab™!. Let

Foo(N) := {(i Z) eSL(Dta ' ®b):a,d el + Nato 1,

ceNDa b
e M(c, N)c is isomorphic to H& /['go(N)
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Structure of M(c, N)

Theorem (Ribet)

The geometric fibres of M(c, N) over Spec(Z) are all geometrically
irreducible.
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Structure of M(c, N)

Theorem (Ribet)

The geometric fibres of M(c, N) over Spec(Z) are all geometrically
irreducible.

Sketch of proof:

@ The generic fiber is irreducible (smooth and connected)

o Let (N,p) =1. Every HBAV over a field of characteristic p with

Fo,0(p")-structure for some n > 1 is an ordinary abelian variety. We
thus have map

f: M(c, Np")p, = M(c, N)]?*‘:,d

o If N > 4, the fibers are principal homogenous spaces under (O/p"0)*

e M(c, N)p, is irreducible, and Y := M(c, N)E‘z;d is an open dense
subset
Si Ying Lee
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Theorem (Ribet)

The geometric fibres of M(¢, N) over Spec(Z) are all geometrically
irreducible.

e To show that f~1(Y) is geometrically irreducible, we have to show
the induced monodromy representation

x:m(Y ®Fp) — (0/p"0)*

is surjective.
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Theorem (Ribet)

The geometric fibres of M(¢, N) over Spec(Z) are all geometrically
irreducible.

e To show that f~1(Y) is geometrically irreducible, we have to show
the induced monodromy representation

x:m(Y ®Fp) — (0/p"0)*

is surjective.

@ It then suffices to construct an ordinary abelian variety A € Y over
F,« for sufficiently large k such that

m1(Spec(F i) — m(Y @ F,) — (0/p"0)*

is surjective, and we observe that Frob, is a topological generator of
m1(Spec(F x)), so it suffices to check the action of Frobenius on
D@ pipn = Alp"].
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c-Hilbert Modular Forms

e Fix a ring Ry

o Let x be a character of Resp/zGm. Concretely, this as a map
(O ® R)* to R* for all rings R/Ry.
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c-Hilbert Modular Forms

e Fix a ring Ry

o Let x be a character of Resp/zGm. Concretely, this as a map
(O® R)* to R* for all rings R/Ry.

e If Ry contains O, where K is a normal closure of K, Reso/z2Gm
splits, then x is given by a tuple k = (ki, ..., kg) € Z5.
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c-Hilbert Modular Forms

e Fix a ring Ry

o Let x be a character of Resp/zGm. Concretely, this as a map
(O® R)* to R* for all rings R/Ry.

e If Ry contains O, where K is a normal closure of K, Reso/z2Gm
splits, then x is given by a tuple k = (ki, ..., kg) € Z5.

Definition
A ¢-HMF of weight x defined over Ry on I'go(/N) is a rule f which assigns
to every c-polarized HBAV over R with a nowhere vanishing differential w
and g o(N) structure i, an element f(X,\,w, i) € R such that

Q (X, \ w,i) depends only on the R-isomorphism class of (X, A\, w, /)
@ f commutes with base change
Q Forallae (O®R)*,

F(X, A a w, i) = x(a)f (X, A\, w, 1)

v
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c-Hilbert Modular Forms

@ We denote by M(c, N, x; Ry) the space of all c-HMFs of weight x
defined over Ry
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c-Hilbert Modular Forms

@ We denote by M(c, N, x; Ry) the space of all c-HMFs of weight x
defined over Ry

@ When N >4, we let w = w*(Q}\A/Z), and w(x) be the extension of
the structure group of w by x

@ If Ry contains O, then the O-action on w induces a decomposition
w = Bw;, and w(x) = Quw;k
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c-Hilbert Modular Forms

@ We denote by M(c, N, x; Ry) the space of all c-HMFs of weight x
defined over Ry

@ When N >4, we let w = w*(Q}\A/Z), and w(x) be the extension of
the structure group of w by x

@ If Ry contains O, then the O-action on w induces a decomposition
w = Bw;, and w(x) = Quw;k

@ c-Hilbert Modular Forms over Ry are thus elements of

HO(M((c, N)g,, w(x))
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Analogue of Tate curve

@ Let S be the set of g linearly independent Q-linear forms /; which
map the totally positive elements of K to positive rational numbers

o Let Z[[ab, S]] be the ring of all formal series

Z ENe an €7

acab
1i(a)>0 for all

and Z((ab, S)) the ring obtained from Z[[ab, S]] by inverting all g%,
for « the totally positive elements

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 16 /23



Analogue of Tate curve

@ Let S be the set of g linearly independent Q-linear forms /; which
map the totally positive elements of K to positive rational numbers

o Let Z[[ab, S]] be the ring of all formal series

Z ENe an €7

acab
1i(a)>0 for all

and Z((ab, S)) the ring obtained from Z[[ab, S]] by inverting all g%,
for « the totally positive elements

o Consider the g-dimensional torus G, ® D lal. We want to
construct a subgroup given by b, i.e. an Ok-linear map
qg:b—> G, @D g1

o It suffices to construct a Z-linear map ab — G, so let oo — g¢

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 16 /23



Analogue of Tate curve

We hence obtain a rigid analytic HBAV given by
Gm®@ D ta"1/q(b)

which algebrizes to a HBAV over Z((ab, S)) which we denote by Tate,(q)
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Analogue of Tate curve

We hence obtain a rigid analytic HBAV given by
Gm®@ D ta"1/q(b)

which algebrizes to a HBAV over Z((ab, S)) which we denote by Tate,(q)
We have a canonical polarization Ac,, given by the isomorphism induced by

Tatea(q)” — Tatepo(q) = Tate,p(q) @ ¢
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Analogue of Tate curve

We hence obtain a rigid analytic HBAV given by
Gm®@ D ta"1/q(b)

which algebrizes to a HBAV over Z((ab, S)) which we denote by Tate,(q)
We have a canonical polarization Ac,, given by the isomorphism induced by

Tatea(q)” — Tatepo(q) = Tate,p(q) @ ¢
Moreover, we observe that we have an injection
D ra ' @ puy — Tateyp[N]

so fixing an isomorphism ¢ : O/NO — a~!/Na~! gives us the desired
embedding

i(e) : D' ® pun = Tateg [ N]
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Analogue of Tate curve

We hence obtain a rigid analytic HBAV given by
Gm®@ D ta"1/q(b)

which algebrizes to a HBAV over Z((ab, S)) which we denote by Tate,(q)
We have a canonical polarization Ac,, given by the isomorphism induced by

Tatea(q)” — Tatepo(q) = Tate,p(q) @ ¢
Moreover, we observe that we have an injection
D ra ' @ puy — Tateyp[N]

so fixing an isomorphism ¢ : O/NO — a~!/Na~! gives us the desired
embedding

i(e) : D' ® pun = Tateg [ N]
If ais prime to N, then both N, a have the same N-adic completions, so
we have a canonical isomorphism
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g-expansions

The Lie algebra of Tate, p is canonically given by
Lie(Gp® D ta™t) =D la™ ® Z((ab, 5)).

If we have an isomorphism j : a=! ® Ry — Ok ® Ro, then we have an

isomorphism Lie( Tatey 5(q)) ~ D1 ® Ro((ab, s)), which gives us an
element wq(j) € w
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g-expansions

The Lie algebra of Tate, p is canonically given by
Lie(Gp® D ta™t) =D la™ ® Z((ab, 5)).

If we have an isomorphism j : a1 ® Ry — Ok ® Rp, then we have an
isomorphism Lie( Tatey 5(q)) ~ D1 ® Ro((ab, s)), which gives us an
element wq(j) € w
e Given c-HMF f, choose isomorphisms ¢ : O/NO — a=1/Na~! and
j:a 1 ® Ry — Ok ® Ry, the g-expansion of f at the cusp
(a,b,/,i(g)) is the value

f(Tateq5(q), Acans wal()), i(€)) € Ro((ab, S))

f( Tateu,b(q)') )\camwa(j)’ I(E)) = Z a(fv a)qaa
acab
for some a(f,a) € Ry
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g-expansion principle

Proposition
If the g-expansion of any HMF f is zero at any cusp, then f =0
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g-expansion principle

Proposition

If the g-expansion of any HMF f is zero at any cusp, then f =0

If f is a HMF defined over R such that the g-expansion coefficients of f at
one cusp all lie in Ry, then there is some HMF defined over Ry which gives
rise to f via base-change.
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g-expansion principle

Proposition
If the g-expansion of any HMF f is zero at any cusp, then f =0

If f is a HMF defined over R such that the g-expansion coefficients of f at
one cusp all lie in Ry, then there is some HMF defined over Ry which gives

rise to f via base-change.

Sketch of proof: Argument is similar to that for modular curves: we know
the form on an open neighborhood of the cusp, and since we have Ribet's
irreducibility result, the form is identically 0
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g-expansion for HMFs over C

@ By GAGA and the g-expansion principle, we see that giving any
¢ — HMF over C is equivalent to giving a holomorphic function f on
M(c, N) transforming by x under the action of a € (K ® C)*, which
is meromorphic at the cusps
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g-expansion for HMFs over C

@ By GAGA and the g-expansion principle, we see that giving any
¢ — HMF over C is equivalent to giving a holomorphic function f on
M(c, N) transforming by x under the action of a € (K ® C)*, which
is meromorphic at the cusps

e Since f is invariant under translation by an element of D~ 1a=1p71,
we can also write the g-expansion for HMFs defined over C as

f= Z aq exp(27miTr(ar))

acab

foralltTe K@ C

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 20/23



g-expansion for HMFs over C

@ By GAGA and the g-expansion principle, we see that giving any
¢ — HMF over C is equivalent to giving a holomorphic function f on
M(c, N) transforming by x under the action of a € (K ® C)*, which
is meromorphic at the cusps

e Since f is invariant under translation by an element of D~ 1a=1p71,
we can also write the g-expansion for HMFs defined over C as

f= Z aq exp(27miTr(ar))

acab

forall Te K®C
e If g > 1, such f is holomorphic at the cusps (Koecher's principle)
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Koecher's Principle

3o = 0 unless o = 0 or « is totally real

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 21/23



Koecher's Principle

3o = 0 unless o = 0 or « is totally real

@ Assume there exists some ag € ab not totally positive with a,, # 0
@ Choose an embedding 79 : K < R such that 7p(ag) < 0
@ By Dirichlet’'s Unit Theorem, there exists some ¢ € O*" such that
7(e) < 1 for all 7 # 19 1o(€) > 1

@ Consider the subseries

Z 320 e27ri Tr(ae?"z)

neN

. e O

@ Since <0 6_1> € lNo,0(N), we have

dne2 = da HT,'(ﬁ)ki

i

o Take z=(i,...,i), and observe that e=27 Tr(@0™) diverges
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Kodaira-Spencer Isomorphism

Similar to the case of modular curves, we have the following
Kodaira-Spencer isomorphism

Q}VI/Z l> Q®2 ®OK Cil
given as follows. We have the SES

0 — w — Hlig — Lie(X“"V) = 0.

Given any derivation D, we can define the map
. 1 V(D) 1 : univVv 3 univ
This induces an isomorphism between the tangent space and
Homogo,, (w, Lie @0 ¢) ~ Lie®? ©0 DL, the dual of which is the map

above

Si Ying Lee Modular forms on Hilbert modular varieties April 8 2020 22/23



Kodaira Spencer Map for Tate,

@ For every v € D7 1a=1b~!, we have a derivation

DD aaq®) =Y _ tr(e7)aaq”

@ The Kodaira-Spencer map in this case is a map
KS : Der(Z((ab,s))) — Lie®?> @0 D~tc = D a6~ @ Z((ab, s))

and in fact KS(D(y)) maps to 7 ® 1
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