EICHLER-SHIMURA RELATIONS FOR SHIMURA VARIETIES OF HODGE
TYPE

SI YING LEE

ABSTRACT. We show Eicher-Shimura relations for some Shimura varieties of Hodge type, prov-
ing a conjecture of Blasius and Rogawski in this case. We show this using a parabolic reduction
strategy on the Hecke action on irreducible components of affine Deligne-Lusztig varieties.
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1. INTRODUCTION

The classical Eichler-Shimura relation for modular curves relates the Frobenius (Frob) and
Verschiebung (Ver) correspondences with the Hecke correspondence T, over the special fiber of
the modular curve, in the following well known way:

T),, = Frob + Ver.
Rearranging terms, we see that this implies that Frob is a root of the polynomial
2% — Tpx + p(p).

In [BRO4], Blasius and Rogawski conjectured a generalization of this result for arbitrary Shimura
varieties Sh(G, X') with good reduction. Let G be a connected reductive group over Q, and let
(G, X) be a Shimura datum. Fix a prime p > 2. Let E be the reflex field of the Shimura datum,
and v a prime of F above p. Let Op, be the ring of integers of the completion E, of E, with
residue field k. We assume the Shimura datum has good reduction at p, so G has a reductive
model Gz, over Z,. We let K, = Gz,(Z,) be the hyperspecial subgroup of Gg,. We choose

some sufficiently small level structure K?, and let K := K,K?. X defines a conjugacy class of
1
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cocharacters over E,, and we choose a representative p which is dominant with respect to some
choice of Borel subgroup and maximal torus.

Blasius and Rogawski defined the Hecke polynomial Hg x, as a renormalized characteristic
polynomial of the irreducible representation of G with highest weight fi. This is a polynomial
with coefficients in the local Hecke algebra H(G(Qp)//K,, Q). If we let Frob, be the geomet-
ric Frobenius at a prime v|p, then Hg x(Frob,) acts as an endomorphism on the intersection
cohomology groups of the Shimura variety TH'(Sh(G, X)z,Q;). Blasius and Rogawski conjec-
tured that the endomorphism is the zero endomorphism. Recently, the original conjecture of
Blasius-Rogawski for the compactly supported cohomology H?(Shx (G, X),Q;) has been shown
by Zhiyou Wu, and also by Xinwen Zhu. In [Wu21], Wu proves the S = T conjecture of Xiao-Zhu,
which formally implies Blasius-Rogawski’s conjecture.

Motivated by Blasius-Rogawski’s conjecture, we consider in this paper a conjectural gen-
eralization of the original Eichler-Shimura relation on the level of algebraic cycles. When
the Shimura variety is of abelian type, Shx (G, X) has a canonical integral model .k (G, X),
and thus a well-defined mod p fiber, which we denote by .k (G, X),. We consider the ring
of algebraic correspondences Corrq(-Zx (G, X)x, ¥k (G, X)x). Elements of the Hecke algebra
H(G(Qp)//Kp, Q) can be naturally considered as elements of Corrg(Zx (G, X)x, Sx (G, X)x).
We conjecture the following.

Conjecture 1.1. In the ring Corrg(Zk (G, X )k, LKk (G, X)), we have the equality
HG,X(FI"Ob) = 0,
where Frob here denotes the graph of the Frobenius map on Sk (G, X),.

Note that this conjecture also implies the analogous theorem for various cohomology groups
of the Shimura variety (see Section for more details).
The main theorem of this paper is the following.

Theorem 1.2. Conjecture holds if (G, X) is of Hodge type, and satisfies either of the two
conditions:

(1) The Shimura variety is a Hilbert-Blumenthal modular variety, or
(2) For every unramified o-conjugacy class [b] in B(G,v), the pair ([b],v) is Hodge-Newton
decomposable for M.

Condition (2) holds, for example, whenever the group G is absolutely simple, or if G is split
over Qp.

In order to show Theorem we consider the moduli stack p — Isog of p-quasi-isogenies
preserving extra structures between points on ., (G, X). Denote by p — Isog ® E (resp. p —
Isog ® k) the fibre of p —Isog over E (resp. ). Moreover, for S = E or k, we let Q[p — Isog® S]
be the algebra of top dimensional irreducible components of the moduli stack p — Isog ® S, with
multiplication given by composition of isogenies. We have a map

h: H(G(Qy)//Kp, Q) = Qlp — Isog @ E] — Q[p — Isog ® &,

where the last arrow denotes specialization of cycles.

In this paper, we prove the following result, which implies Theorem Consider the poly-
nomial Hg x, viewed as a polynomial with coefficients inside Q[p — Isog ®«] via the morphism
h.
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Theorem 1.3. With the same assumptions as in Theorem 1.2. The element Frob lies in the
center of Q[p — Isog ® k| and the following relation holds in this ring:

(1.0.1) HG,X(FI"Ob) = 0,
where Frob € Q[p — Isog ®k] is the Frobenius section.

Previously known results. This result was previously know in several special cases from the
work of various people. Faltings-Chai [FC90] showed it for Siegel modular varieties, while Biiltel
and Wedhorn [BWO06] showed it for unitary shimura varieties attached to the group GU(1,n)
for n odd. Biiltel [B02] and Wedhorn [Wed00] also proved the conjecture for Shimura varieties
satisfying some extra conditions. All of these results require that the ordinary locus p—Isog®9®x
is dense in p — Isog ® k, a condition which does not hold in general.

Beyond the aforementioned results, two more cases were previously known, namely the case
of the unitary Shimura variety with signature (1,n) was verified in [Kos14] for odd n. Li [Lil8]
provided a proof for the Shimura variety attached to the spinor similitude group GSpin(2,n)
for any n. Both these cases relied on an explicit description of the basic locus. We remark here
that all these cases are covered by condition (2) of Theorem

Method of proof. We first introduce a stratification on p — Isog ® x indexed by o-conjugacy
classes B(G), similar to the Newton stratification of #x (G, X ),. For any union of top-dimensional
irreducible component C' of p — Isog ® &, let CJ; be the subscheme of points corresponding to
isogenies between p-divisible groups with o-conjugacy class [b]. If Cly is dense in C', we say C
is [b]-dense.

We consider now the set of all [b)] € B(G) such that there exists some top-dimensional ir-
reducible component C' of p — Isog ® x which is [b]-dense. It turns out that such [b] must be
unramified (see Section [4.4] for the definition). For each unramified [b] denote by Hg x (Frob)!!
the [b]-dense cycles appearing in the expression for He, x (Frob), so that we have

Hg x(Frob) = Y Hgx(Frob)l.
[6] unramified
We will show that Hg x (Frob)l’! is zero for all unramified [b].

We fix for the following discussion some unramified [b], and let RZ(G, b, v) denote the Rapoport-
Zink space corresponding to G and [b]. This is the parametrizing space of quasi-isogenies which
preserve extra structures corresponding to G. Any element C of Q[p — Isog ® k] induces a co-
homological correspondence uc on RZ(G, b, v), via x-pullback of cohomological correspondences
(c.f. [ATA).

The proof then proceeds in three steps. Firstly, we show that u G.x (Frob)lvl» 88 & cohomological
correspondence on RZ(G,b,v), can be factorized as

(102) uH(;x(FI’Ob)[b] = uP[b](Frob) o (U’Frobi - pjls’/[b] (p)M(ZP))

for some positive integers i, j, s, some polynomial Py (Frob) in Frob. Here, 1 sup (D) M (Z) denotes
an element of H(M(Qp)//M(Zy),Q), the Hecke algebra for the Levi subgroup M := Mj,.
Elements of H(M(Qy)//M(Zy), Q) act on the cohomology of RZ(G, b, v) because the cohomology
of RZ(G, b, v) is parabolically induced. In particular, we have an isomorphism with between the
cohomology of RZ(G, b, v) and the cohomology of some Rapoport-Zink space associated to the
Levi subgroup M.
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The second step is to show, as actions on the space of irreducible components of the un-
derlying reduced subscheme RZ(G,b,v)™? (equivalently the top-degree compactly supported
cohomology), the actions of up,,: and P11 supy(P)M(Z,) Bre equal. The first two steps imply that

red

UF;  (Frob)ltl» , acting on the space of 1rreduc1ble components of RZ(G, b, v)™, is zero.

In the final step, we show that under the conditions in Theorem (1.2] ., if Up, o (Frobyel Acts
as zero on the top-degree cohomology of RZ(G,b,v), then the algebraic cycle Hg, x (Frob)[!
is zero. To see this, we show that under the conditions in Theorem any non-zero linear
combination of cycles C' € Q[p — Isog ® k] induces a non-zero cohomological correspondence uc
on the top-degree cohomology of RZ(G, b, v).

We now explain each step in more detail. Any union of irreducible components C' C p—Isog®~x
defines a cohomological correspondence from RI'.(.Zk (G, X).,Q;) to itself. Choosing a base-
point, we have an isogeny class map 7o : RZ(G,b,0)" — Zx(G,X)., and we can form a
commutative diagram

RZ(G,b,v)™d «*— D —Y s RZ(G,b,v)ed

- b

yK(G7X)R< - c L >yK(G1X)/@

such that both squares are Cartesian, and the vertical maps are proper. Thus, we may *-pullback
(See Appendix the cohomological correspondence on .k (G, X ). to RZ(G,b,v)"? via 7.
We denote this cohomological correspondence by uc.

To obtain the factorization , we first define a twisted Satake morphism SAG4 from

H(G(Qp)//G(Zy),Q) to H(M(Qp)//M(Zy),Q). We then show that Heg x(z), viewed as a
polynomial with coefficients in H(M(Q,)//M(Z,),Q) via S}, has a factor of the form x! —
1 svip) (p) M(Z) To use this group-theoretic result to construct the factorization , we need
to show that the Hecke algebra H(M(Qp)//M(Zy), Q) acts on the cohomology of RZ(G b,v)red,
in a way which is comptaible with the action of H( (Q,)//G(Zy), Q) via the map S§;. We show
the following:

Theorem 1.4. In the Grothedieck group of representations of H(G(Qp)//G(Zy), Q) x Jp(Qp) %
Wk, we have the equality

(1.0.3) H?(RZ(G,b,v)"9) =Y~ HS(RZ(M,b,v/)"™),
v'el
where H? denotes the alternating sum of cohomology,

I ={v' :7" is a dominant cocharacter of M conjugate to v in G, with [b] € B(M,v")},
and on the right-hand side H(G(Q,)//G(Z,), Q) acts via the twisted Satake homomorphism S;.

Note that the compactly supported cohomology of the rigid analytic generic fiber RZ(G, b, v)"#
and the compactly supported cohomology of the special fiber RZ(G, b, v)"? are closely related;
one is the dual and shift of the other. The theorem above then implies that the factorization of
Hg x(x) in the Hecke algebra gives us the desired factorization (1.0.2)).

Let r be the dimension of RZ(G,b, v)™. Recall that the second step is to show that the
actions of wup i and pjls,,[b](p)M(Zp) on HZ"(RZ(G,b,v)"*,Q;), are equal. To prove this, we
show that for a p-divisible group with G-structure ¢ /F), the i-th power of Frobenius and the
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mod p reduction of the quasi-isogeny given by sy (p) lie in the same irreducible component
of the associated affine Deligne-Lusztig variety (ADLV). We prove this by utilizing the explicit
description of the set of irreducible components of ADLVs associated to unramified [b], as shown
by Xiao and Zhu (c.f. [XZ17, §4]).

For the final step, in we show that if the Shimura datum is one of the cases in Theorem
1.2, for any irreducible component C' C p — Isog ® k such that C is [b]-dense, uc acts non-
trivially on H2"(RZ(G,b,v)"%). To see this, we view C' as an algebraic correspondence in
Sk (G, X)), x K (G, X)x, acting on the Chow group A, (Zk (G, X),) of dimension r-cycles in
Sk (G, X),. Using intersection theory, we show that C acts non-trivially on some cycle [Xi],
where [X1] is the image of some irreducible component of RZ(G,b,v)™d under 7. The key
ingredient needed for this calculation is the (non-zero) intersection numbers of certain cycles.
In case (1) we apply the results of Tian-Xiao [TX19, §6]. In the situation of case (2), the
Hodge-Newton decomposable condition implies an isomorphism

RZ(G, b,v)" ~ RZ(Mp;, b,v)"?,
and we hence can do this calculation on another Hodge-type Shimura variety Sh(M’, X’) whose
basic locus gives rise to the Rapoport-Zink space RZ(Mj, b, v). Here the intersection numbers
are provided by the main theorem of Xiao-Zhu [XZ17].

Structure of article. We now describe the structure of this article. Section 2 contains all
the necessary group-theoretic results about the Hecke polynomial, including the factorization of
Hg x (). Section 3 contains the main technical results about p-divisible groups with G-structure,
and we recall the construction of Rapoport-Zink spaces with P-structure for a parabolic subgroup
P of G. In Section 4, we recall results of [HV18] and [XZ17] about the irreducible components
of ADLVs, and reduction of isogenies mod p. We also show that the irreducible components
of the ADLV are invariant under ¢™ for large enough m. In Section 5, we recall the results
of [Kis10] on the construction of integral models of Hodge type Shimura varieties, as well as
results about Newton strata. We also recall the results in [Kis17] about mod p isogenies, and
special point liftings (up to isogeny) of points in .7k, (G, X )(Fp). Subsequently, in Section 6, we
define the moduli space of p-quasi-isogenies p — Isog, define the stratification of the special fiber
p — Isog ® k by [b] € B(G,v), and prove results about the dimensions of various strata, as well
as an almost product structure on each strata. In Section 7, we describe how to pullback Hecke
correspondences to the associated Rapoport-Zink spaces, and show a parabolic reduction result
on the cohomology of Rapoport-Zink spaces , and use these to prove Theorem 1.4

in this section. Finally, in Section 8, we complete the proof of Theorem

Acknowledgements. I would like to thank my advisor, Mark Kisin, for suggesting this problem
to me, and for his constant encouragement and advice. Many thanks also to Oliver Biltel,
Christophe Cornut, Pol van Hoften, Liang Xiao and Rong Zhou for helpful conversations about
this project and comments on an earlier draft.

2. THE HECKE PoLyNoMIAL Hg x ()

In this section, we recall results of Blasius and Rogawski [BR94] and Wedhorn [Wed00] about
the construction and properties of the Hecke polynomial.
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2.1. Preliminaries and Definition. Let G be a connected algebraic group that is unramified
over p, i.e. quasi-split over @, and split over an unramified extension. Equivalently, the base
change Gg, has a reductive model Gz, over Z,. Let K, = Gz, (Zy); this is a hyperspecial
subgroup of G(Q)).

Fix a pair (T, B) where T is a maximal torus of G and B is a Borel subgroup of G containing
T. Let A be the choice of simple roots of G defined by (7, B). T contains a unique maximal
subtorus which is split over @, which we denote by S. Let Q denote the Weyl group N¢(T')/T,
where N(;(T ) is the normalizer in G of T'. Let p be the half-sum of positive roots of G.

Let G denote the dual of G, which is an algebralc group defined over C. Let T' denote the
dual torus of T', and fix a Borel subgroup B of G contammg T. Moreover, we fix a splitting
(T, B, (X4)a) of G, where for each simple root & of G, X4 is an G-root vector in Lie(Q).

Let I = Gal(Q,"/Qy), where Q" is the maximal unramified extension of Q,. We let o
denote the geometric Frobenius in I'™". T'™" acts on the root datum of G' (and hence the root
datum of G) This action fixes the splitting (T .B, (Xa)a), and hence induces an action of I'""
on G.

Define the L-group of G, denoted by “G, as the semidirect product of I'"" and G, such that
™" acts on ( via the action described above. Note that “G depends on the choice of splitting,
but the L-groups obtained from different splittings are isomorphic.

2.1.1. For any groups H; C Hy, and any Z-algebra A, let H(Hz//H1, A) denote the Hecke al-
gebra of locally constant H; bi-invariant A-valued functions. If A = Q, for notational simplicity,
we will simply write H(Hy//H1) for H(H2//H1,Q).

Recall that we have the Cartan decomposition

G(Qy) = H KPPAKpﬂ
AEX. (S
where X, (S)* consists of cocharacters of S which are dominant with respect to (7, B). Hence,
H(G(Qp)//K,C) is generated by indicator functions of the form 1k, 4k, , for some g € G(Qp).

2.1.2. Let X be any G(R)-conjugacy class of morphisms h : S — G¢ such that (G, X) forms a
Shimura datum, with reflex field E. In this section, we do not assume the Shimura datum is of
Hodge type unless specifically mentioned.

Any such morphism h defines a cocharacter py,, defined over complex points as follows:

pne X o C x C* 2 G(o)
z = (z,1).

Note that the conjugacy class of uy, is defined over E,, where v is a prime of E above p, and in
particular we can choose a representative cocharacter u : G, — G that is defined over E,, and
dominant with respect to the choice of (T, B). Note that E, must be an unramified extension
of Qp, since G is unramified over Q,. Moreover, ;4 must be minuscule.

Let A be the unique Weyl conjugate of ! which is dominant with respect to (T, B). There
exists a unique representation

r:tG - GL(V)
such that
(a) The restriction of 7 to G is irreducible with highest weight
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(b) The subgroup I'"" acts trivially on the highest weight space.
Define the polynomial
Hg x(x) = det(z —p®r(o x §)"),
where § is any element in G(C), d = (p, \), o € T"™ is the geometric Frobenius and [E, : Q,] = n.

Remark 2.1.3. Note that this definition is different from the one given in [BR94], where the Hecke
polynomial is defined to be the characteristic polynomial of the highest weight representation
associated to y, instead of u~!. We believe that this is the correct polynomial to take, because

it is consistent with the reciprocity law on points. See also the remarks in [Nek18, A4] correcting
[Wed00, Sec. 2].

2.2. Coefficients of Hg x(x). Write
Heg x(z) = ZAZI'Z

As defined, all the A;’s are functions on G(C) Observe that each A; is invariant under o-
conjugacy because o-conjugation on G is normal conjugation by G (C) in G, hence o-conjugating
g by any element of G’(C) preserves the determinant. Let ®,,(G) be the set of semisimple o-
conjugacy classes of elements of G(C). These A;’s then descend to functions on ®,,,.(G), which
we also denote by A;.

Let S denote the subtorus of T which is dual to S. From [Bor79, 6.4] we see that we have
a bijection between S(C)/Q(Q,) and ®,,.(G), hence we can identify functions on ®,,.(G) with
functions on S(C)/Q(Q,). Such functions are given by elements of C[X,(S)]*(@). Moreover,
we also have an isomorphism between C[X,(S)] and the Hecke algebra H(T(Q))//T¢,C) where
T. = T(Qp) N K, is a maximal compact subgroup of 7'(Q,). This isomorphism is given via the
map

v hy =1,

where 1,07, is the indicator function supported on the subset p”7T..

Hence, we see that A;’s are elements of H(T'(Qp)//T.,C) that are fixed under the action of
Q(Qp). By the Satake isomorphism, we see that A;’s are elements of H(G(Qy)//K,,C).

In fact, the following result of Wedhorn (c.f. [WedQ0O, 2.4]) shows that the A;’s are Q-linear
combinations of the functions hy.

Theorem 2.2.1. Hg x(x) is a polynomial with coefficients in H(G(Qp)//Kp, Q).

2.2.2. Let P = MN be any standard parabolic subgroup of G with respect to (T, B), where
M is a standard Levi subgroup, and N is the unipotent radical of P. Let M, = M(Q,) N Kj;
this is a hyperspecial subgroup of M(Q,). We can define a map

Sir - H(G(Qp)//Kp, ©) = H(M(Qy)/ /M., C)
by mapping f € H(G(Qp)//Kp,C) to the function on M(Q,) taking

m /N(Q,,) f(mn)dn.

We call this map the twisted Satake homomorphism. This is a homomorphism of C-algebras
because the Iwasawa decomposition G = PK), induces a decomposition of measures dg = dpdk.
Moreover, since the image of a (Q-valued function is also clearly Q-valued, we see that S]\G4 maps

H(G(Qp)//Kp, Q) to H(M(Qy)/ /M., Q).
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We can relate the classical Satake isomorphism with the map qu . In fact, let S:(ﬁ denote the
usual Satake isomorphism. Then S¥ = a oS¢, where a : C[X.(S)] — C[X.(S)] is given by

for all v in X, (95).

Similar to the usual Satake isomorphism, there is an isomorphism between H(G(Q,)//Kp, C)
and the subalgebra H(T(Q,)//T., C) @)-*) induced by S&. Here, the Weyl group acts via the
“dot action”, instead of the usual action, give by

(w e $)(t) = 5(t)' /25w t) " 2P (w 1),

where §1/2 is given by §'/2 = |p|. In particular, we see that S]% is injective, since SG = S%/[ 05’]\%
is injective.

2.3. Factors of Hg x(z). We want to understand the factors of the Hecke polynomial. Let
A= Nmg, ;g,A = Aa(A) ... o ().

This is a cocharacter defined over Q. Let M3 denote the centralizer of :\, then Mj is a stan-
dard Levi subgroup of G, and the results of the previous section apply. Via the homomorphism
Sf/f&’ we have the following proposition, which is a restatement of a result of Biltel (c.f. [B02,
3.4])

Proposition 2.3.1. Viewed as a polynomial with coefficients in H(M5(Qp)/ /M5 ., Q) via 511\%;:
Hg x(x) has a factor of the form

(2.3.2) Ty,

This result can be generalized, and we want to determine other factors of Hg x (). Recall that
from the discussion in Section we can also view Hg x () as a polynomial with coefficients in
Q[X.(S5)]. In order to determine these coefficients, we need to understand how the representation

r defined in (2.1.2) acts on 7.

Consider LT =T"" x T as a subgroup of XG = I'"™" x G. The restriction of the representation
r to T' defines a grading V' = @,y ) Vy. We define r7 : “T" — GL(V), the twisted restriction
of r, as

(2.3.3) rr(ox 1) =r(ocx1)

(2.3.4) rp(1 % D)z, = p P (),
for z, € V,,,{ € T. Consider the characteristic polynomial
Zyr(z) = det(x — p™ry(o x 1)),

Since o-conjugation of ¢ preserves Zy, (), we see that a consideration similar to Section
implies that Z,,(x) has coefficients lying in H(T'(Q,)//T¢,C). Moreover, we also have

S¥(Ha,x (2)) = Zyp(2).
The following lemma [Wed0Q, Prop 2.7] gives an explicit description of rp.
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Lemma 2.3.5. The twisted restriction rr of r to “T is isomorphic to a direct sum

D v

veQ(Q,)p !
where V, is one-dimensional with generators e, such that
(2.3.6) (0" X £)eg—n(y = p P i(D)e,.

Proof. Note that since 7 is the highest weight representation associated to a minuscule character,
every weight space V;, has dimension one. Let Z be an (0")-orbit of Q(Q,)u~!. Let m be the
number of elements of Z, and v be any element of Z. v is hence defined over an unramified
degree m extension of E,. Choose a nonzero element e, € V,, and define e;nm, = r(c™™ x 1)(e,)

for n =0,...m — 1. The relation (2.3.6) then follows from ({2.3.4]). O

2.3.7. We also observe that V' admits a direct sum decomposition as

V= P Vi

(o™)— orbit Z;

where each V7, is invariant under the action of r(o™ x t), for any € T. Let v; be an element of
this orbit. With respect to the basis ey, €;n(,,), - - - Egn(mi=1) (1, of Viz,, rr(o™ x t) is given by

the matrix R
") 5,) 1)

The characteristic polynomial of this matrix is given by
Hi(w) := 2™ — pmileA=vil i,

where ; = H;ff oJ(v;) is a cocharacter defined over Q,. This is a factor of the Hecke polynomial

Hg x(x), viewed as a polynomial with coefficients in Q[X,(S)]. Let My, be the Levi subgroup
of G which is the centralizer of 7;. Via the twisted Satake homomorphism S’g % Hex()
can be viewed as a polynomial with coefficients in H(My;,(Qp), My, ). Observe that since v; is
central in My, 15, ), . is an element of H(My,(Qp), My, ). Hence, H;(x) is invariant under
the action of the relative Weyl group of My;, and thus it lies in H (M, (Qp), My, o)[x]. If we let
Hg x () = Hi(x)R(x) as polynomials in Q(X,(5))[z], then we see that both factors R(z), H;(z)
are defined in H(Mjy,(Qp), My, c)[x]. Finally, we note that (p,\) = (p, i), so we can replace A
with g in the formula. We summarize the above discussion in the following proposition.

Proposition 2.3.8. Let v; be any element in Q(@p)u_l, defined over a degree m; extension
of E,. If we define v; = H?le o’ (v;), and let My, be the centralizer of U;, then, viewed as an
element of H(My,(Qp), My, o)[z] via the twisted Satake homomorphism S’g%, Hg x(x) factors
as
Hg x () = Hi(x)R(x),
where
Hi(z) = ™ — prmilpn—vi)
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2.3.9. While the factors H;(x) are not necessarily defined in H(G(Q,)//K,)[z], for each (o™")-
orbit Z;, we can consider the (not-necessarily distinct) (o™)-orbits of the elements w(v;), where
w € Q(Qp). Let Y; be the (o™)-orbits of w(v;) for some w. Observe that w(v;) is also defined
over a degree m; extension of E,, and hence from the proposition above we see that Hg x ()
has another factor of the form

p_/(x) — M _ pnmi@vﬂ_w(W))w(ﬁi)'
Thus, we see that if we consider
Hi(z) = [ [ Pi(2)
where the product is taken over all possible (c™)-orbits of the elements w(v;) (without multi-
plicity), we see that H/(z) is a factor of Hg x (z) which is defined in H(G(Qy)//Kp)[x].

Remark 2.3.10. The set of (0™)-orbits of the elements w(1;) is closely related to the o-conjugacy
classes of unramified elements, a connection we elaborate upon in Section

3. p-DIVISIBLE GROUPS

For the entirety of this section, we fix a prime p > 2 and an unramified reductive group G
over Q,. We fix also a Borel pair T'C B C G.

3.1. p-divisible groups with G-structure. We recall the work of Kisin [Kis10l Kisl7] on
p-divisible groups with a collection of tensors in the Dieudonne module, both over fields of
characteristic p and over mixed characteristic discrete valuation rings.

3.1.1. Let k be a perfect field of characteristic p, W = W (k) its ring of Witt vectors and
Ko =W(k)[1/p]. Let K be a finite totally ramified extension of Ky, and Ok its ring of integers.
Let the absolute Galois group Gal(K/K) be G.

Let Repgi be the the category of crystalline G K-represgntations, and Repgﬁo the category of
G k-stable Z,-lattices spanning a representation in Repg ;. Given V' € Repg >, we let Dgr(V)
and Dgis(V) denote the image of V' under Fontaine’s de Rham and crystalline functors.

Let E(u) € Og,[u] be the Eisenstein polynomial of a fixed uniformiser 7 in K. We set
S = W/[u]]. We extend the Frobenius on W to the Frobenius map ¢ on & which maps u to u?.

Let Modfe5 denote the category of finite free G-modules 9 equipped with a Frobenius semi-
linear isomorphism

1® ¢ " (M)[1/E(u)] = M[1/E(u)],

and let BTf6 denote the full sub-category of Modf6 consisting of those modules such that 1® ¢
maps ¢*(9M) into M, and the image of this map contains E(u)IN.

We equip ¢*(9) with the following filtration: for i € Z

Fil' () = (1 @ )~ (E(u)'0) N *(9M).
The following theorem is [Kis10, Thm 1.2.1].

Theorem 3.1.2. There exists a fully faithful tensor functor

M(:) : RepEs® — Mod‘/p67

which is compatible with formation of symmetric and exterior powers. If L is in Repgio, let

V =L®z, Qp, and M = M(L), then
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(1) There are canonical isomorphisms
Deris(V) — M/uM[L/p]  and  Dar(V) — ¢" (M) ¢ K,

where the map & — K 1is given by u — w. The first isomorphism is compatible with
Frobenius and the second maps Fil'g*(IN) @ Wk, onto Fil'Dgr(V) fori € Z.
(2) There is a canonical isomorphism

OS/I;(X)ZPL—N—)O‘E;@GQJT
where ngu\r s a certain faithfully flat, and formally étale Og-algebra, and Og¢ is the p-adic
completion of & ).

3.1.3. For aring R and a finite free R-module M, let M® be the direct sum of all the R-modules
obtained from M by taking duals, tensor products, symmetric and exterior powers.

Let L € Repgﬁ". Let G C GL(L) be a reductive group defined by a finite collection of
Gi-invariant tensors (s,) C L®. We may view the tensors s, as morphisms s, : 1 — L% in
Rep®°G k. Applying the functor M of the theorem, we obtain morphisms 5, : 1 — M(L)® in
ModfG.

We have the following results [Kis10l 1.3.4,1.3.6].

Theorem 3.1.4. We have the following:

(1) The tensors (Sq) define a reductive subgroup in GL(9N)
(2) If k is separably closed or G is connected and k is finite, then there exists an isomorphism

L ®z,& =
aking sq to Sq.
We also recall the following proposition [Kisl17, 1.1.7] which characterises reductions mod p
of a p-divisible group with G structure over Og.

Proposition 3.1.5. Let & be a p-divisible group over Ok, and (so) C Tp9® a collection of
G -invariant tensors defining a reductive subgroup G C GL(T,%¥). Suppose that either k is
separably closed or that Gy, is connected and k is finite. Let (sqa0) C D(9)(W)® @w Ko denote
the image of (sq) under the p-adic comparison isomorphism. Then

(1) (sa0) C D(@)(W)®.

(2) There is an isomorphism T,9*(—1) @z, W — D(¥) taking sq to sap-

(3) The filtration on D(¥)(k) is induced by a Gy -valued cocharacter.

3.1.6. Let ¢ be a p-divisible group over k. We write D(¥) for D(¥)(WW).

Definition 3.1.7. A p-divisible group with G structure over k consists of a p-divisible group
% /k and a collection of ¢-invariant tensors (sq,0) which define a reductive subgroup of GL(ID(¥))
such that there exists a finite free Z,-module U and an isomorphism

(3.1.8) U®z, W —D(¥)
such that under this isomorphism (s4,0) correspond to tensors (so) C U®. Moreover, these s,
define the reductive subgroup Gz, C GL(U).

Given any p-divisible group over k with G-structure, since (s4,0) C D(4)® are p-invariant,
via the above isomorphism, ¢ on D(4)(W) @ W[1/p] has the form bo for some b € G(W[1/p]).
The following lemma is [Kis17, 1.1.12].
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Lemma 3.1.9. The filtration on D(¥)(k) is given by a Gy -valued cocharacter pg*, and b €
Gw (W)p°Gw (W) where vy = o (g ).

3.1.10. Let S be the p-adic completion of the divided power envelope of W (k)[u] with respect
to the kernel of the map W (k)[u] 227, Ok. We equip S with a Frobenius given by the usual
Frobenius on W (k) and sending u to uP. We view S as a G-algebra by the map sending u to u,
and we view W as an S-algebra by the map sending u to 0. The following definition appears in

[Kis17, 1.1.8].

Definition 3.1.11. Let ¢ be a deformation of ¢ to Ox. We say that ¢ is Gy-adapted if

there exist Frobenius invariant tensors (S,) C D(¥)(S)% lifting s,0, which define a reductive
subgroup Gg and such that the images of the 3, in D(%)(O)® are in Fil°(D(%)(0x)®)

Let 5" be the Gy-valued cocharacter inducing the filtration on ID(9)(k), as in Lemma
Let U be the unipotent subgroup of GL(U) associated to pg, and Ug be the unipotent subgroup
of G associated to pp. Let R (respectively R¢) be the completion of U (respectively Ug) at the
identity; we thus have an inclusion Rg C R of power series rings over W. Following the results
of [Fal99, §7], we know that the deformation space of ¢ is given by Spf R. We have the following
result of [Kis10, 1.5.8]

Proposition 3.1.12. For any field K as above, a map of W-algebras w : R — Op factors
through Rea if and only if the p-divisible group & induced by w is Gy -adapted.

3.1.13. 'We now show that every p-divisible group ¢ over k with G-structure admits a Gyy-
adapted lifting. Let 9 = o~ *(D(¥4)(W)), so that ©*(M) = D(Z)(W) @w &.

Let 110 be a Gyy-valued cocharacter such that pg ' induces the filtration on D(%)(k). Since
the sq,0 are in U®, we may think of these as tensors in 9% and ¢*(9M)®. Consider now a
cocharacter p, lifting g, valued in Gg C GL(¢*(9)), and consider the map

o () LD, (o) 2 om,
where ¢ = 071 (b)1o(E(0)) and the final map is induced by the identity on U C ¢*(90). Then
o(c) = bug(E(0))™" = (bvo(p) ™) (vo(p/E(0))) € GL(D(G)(W).
Hence ¢ € GL(D(¥)(W)) and the map above gives 9 the structure of an object of BT76, and

hence corresponds to a deformation & of 4. The filtration on M (M) = S @ ¢* (M) is induced
by the cocharacter p~1. Hence thinking of the s, in M(9M) = D(¥4(S), shows that ¥ is a
Gw-adapted lifting.

3.1.14. We want to understand when the G-adapted lift of a p-divisible group ¢ over k = I_Fp
also has a lift of the slope filtration.

Recall that to any p-divisible group ¢ over F » With G-structure we have attached an element
b € G(Ky), defined up to o-conjugacy by G(Ok,), such that the Frobenius on D(¥)(Ok,)
is given by bo. Let v, be the cocharacter inducing the slope graduation on the isocrystal
D := D(%)(Ox, )[1/)

Following the main result of [Zin01], we know that ¢ admits a slope filtration, so let

(3.1.15) 0=%C%C---C¥9% =Y
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denote the slope filtration. This induces a filtration on the Dieudonné modules M; := D(%;)(Oy,),
so we have
O0=MyCc My C--- CMn:D(g)(OL).
We will now show that ¢4 admits a G-adapted lift & over Oy, which admits a lift of the
slope filtration. Note that we can always choose a representative b € Mp), and in this case the
associated p-divisible group ¢ has My, structure. We would like to generalize this slightly.

Proposition 3.1.16. There exists a p-divisible group 4 over Oy, lifting 4, and which admits
a filtration
0=%C%C---C%, =9

which lifts (3.1.15)]).

Proof. Let b := g~ 1bo(g).
We first observe that by the Iwasawa decomposition, we may assume that g € P(L), and

1is equal

hence that the parabolic subgroup associated to the Newton cocharacter vy = grpg™
to P.

By Grothendieck-Messing, it suffices to exhibit a Py-valued cocharacter y lifting the Hodge
filtration on D(%,)(k). To see this, first consider the parabolic subgroup P! C Gy, associated to
the Hodge filtration on D(¢,)(k); with the set up as above it is the parabolic subgroup associated
to u '®k. Let P,iv C Gy, be the special fiber of the parabolic P associated to the slope filtration
on ¥, since P is defined over W.

By the Bruhat decomposition, there is some maximal torus 7", defined over k, such that
T' c PY NP We can lift T’ to a torus T}, over W contained in Py. Then the Hodge
filtration on D(¥,)(k) is given by some T’-valued cocharacter x/~1, and lifting this to a T} -

valued cocharacter uf,~! gives us the desired cocharacter. O

In particular, we have a Py-valued cocharacter p,, whose inverse lifts the Hodge filtration,
so we can recall the previous results about the construction of the universal deformation ring
Spf Rg.

Let Ug be the unipotent subgroup of the parabolic subgroup of G corresponding to u/. We

U =[] Ua

a€esS

have an isomorphism

where S = {a € A: (a, uj) > 0}.
Let U' = [],cs Ua C Ug be the product of the roots subspaces, where

S'={a€S:{a,v) >0}

Let R’ denote the completion of U’ at the identity. From the construction, we see that R’ is
a quotient of Rg. We now observe the following.

Proposition 3.1.17. Let h : Spec R — Spf(R¢g) be a deformation G of 9 over a ring R where
R is a p-nilpotent local ring. Then h factors through Spf R’ if and only if 4 admits a filtration
G=9>%9> 2% =0

deforming the slope filtration.
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Proof. The ‘only if’ part is clear, because there is a filtration on the universal deformation over
Spf R/. To show the ‘if’ part, since R is a p-nilpotent local ring, we may apply Grothendieck-
Messing theory, from which the result follows from the definition of R’, since Spf R’ is the
subspace where the lifting of the Hodge filtration factors through P. O

3.1.18. Let F := D(%SprG)[%], which is a vector bundle over Spf Rg equipped with a Hodge
filtration Fﬂlgspf Rre C E. The relative position of the Hodge filtration induces a map
T (Spf Rg)rig — FlG,u

to the flag variety. (This is the restriction to Spf Rg of the period map on Rapoport-Zink
spaces.)

Let us consider the image of 7|(gyf pryris. By the definition of R', (Spf R’ )18 is exactly the
preimage of the Schubert cell S = P/P’ C Flg,,, since Spf R' corresponds to the subspace of
Spf Rg where the Hodge filtration of the associated p-divisible group factors through P.

Proposition 3.1.19. Let 4 be a G-adapted lift, associated to a map w : Rg — Og. Then g
admits a filtration lifting the slope filtration on & if and only if @ factors through R'.

Proof. Observe that, for rigid points, we can restate the condition that the Hodge filtration fac-
tors through P in terms of the relative positions of the Hodge and slope filtration. In particular,
for z € (Spf Rg)™8, m(x) lies in S exactly when (the inverse of) the slope filtration of the the
associated weakly admissible F-isocrystal V,, (which is a priori only a filtration by F-isocrystals)
is a filtration by weakly admissible F-isocrystals (i.e. the restriction of the Hodge filtration to
each filtrand of the slope filtration is weakly admissible). This condition is exactly equivalent to
¢ admits a filtration lifting the slope filtration on ¢. 0

3.1.20. Let ¢ be a G-adapted lifting of ¢, with a filtration lifting the slope filtration. Then
we have a filtration on L = T,¢, which we denote by (L®). More generally, we consider L in
Repgi;" with a Gi-stable filtration L°®.
Consider the filtration on 9t = M(L) given by
Mme® = M(L®).
The following proposition refines Theorem

Proposition 3.1.21. Let L be in RepCGri;O, equipped with G g -invariant tensors (so) whose sta-
bilizer is G. If M = M(L), then M(L®) is a G-filtration on M, which we denote by Fr(M). If
k s separably closed, then there is an &-linear isomorphism.

m = L ®Zp G
which takes the tensors o to sq, and which induces isomorphisms on the filtered pieces
F(9m) = FA(L) ®z, 6.

Proof. 1t suffices to prove the proposition when k is separably closed. Now suppose that k is
separably closed, set M’ = L ®z, &, and let A C Homg (9N, 9') be the subscheme of isomor-
phisms between 9t and 9 which take 5, to s, and induces an isomorphism between the filtered
pieces F1(M) and FL(L) ®g, 6. We claim that A is a P-torsor over &. The claim implies
the proposition, since if we let U be the unipotent radical of P, then any P/U-torsor over & is
trivial, since P/U is reductive, and any U-torsor over an affine scheme is trivial.
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We first observe that Ag(p) is a trivial P-torsor. Recall that we have a canonical isomorphism
over Og—

(3.1.22) 932@051; —>L®Ogu\r

defined by Fontaine (c.f. [Fon90, A1]). Since this isomorphism is functorial, the isomorphism
above takes FL (M) ® Oc.. to Fr(L) ®z, Oe. . Thus, we see that the filtration on 9 ® Og,
given by Fpn.(IM) ® 6(5: is a G-filtration, and moreover is exactly given by Fp(L). Thus, we
have a (trivial) P-torsor over ngu:, which, by faithfully flat descent, gives us a P-torsor over
Sw)-

Moreover, since M[1/p] is an exact faithful tensor functor, Ag[y /) is a P-torsor.

We now view L (resp. 90) as a tensor functor from Repy G to Repgi}f" (resp. Mod,g),
denoted by |L| (resp. |97]). In order to show that F.(9) is a G-filtration, it suffices to show
that for every v € Q, the fiber functor F.(|7|) : Repz, G — Mod g given for every 7 € Repg
by FL(I9M))(r) = FL(M|(7)) = M(FL(L|(7))) is exact. The above arguments show that the
restriction of F.(|M]) to &[1/p] and &, are exact functors, and thus we have an exact tensor
functor over U = Spec &\{m}. Thus, if we consider the scheme of isomorphisms

B = Isom(F(|L|()) © &, F(|9M)),

then By is a G-torsor, and by [CTS79, Thm 6.13], we can extend By to a torsor over &, which
is necessarily equal to B. Thus F.(|9]) is exact, so Fp(|2M])) is a G-filtration, and thus A is a
P-torsor. Since G is a strictly henselian local ring, A is necessarily trivial. We hence choose a
section f € A(&), and as described above, this proves the claim. O

3.2. Rapoport-Zink Spaces. We now define the Rapoport-Zink space for a triple (G, b, i) of
Hodge type, following [Kim18], where G is an unramified, connected reductive group over Q,,
be G(L) and pu € X.(T). Let X be a p-divisible group over k, such that the Frobenius ¢ on
D(X) is given by bo.

Definition 3.2.1. Let RZ(G, b, 1) be the functor which assigns to any p-locally nilpotent smooth
W-algebra R the set of isomorphism classes ((X, p,t,) such that
(1) (X,ta) is a p-divisible group over R with tensors ¢, C D(X)®, where (¢,) consists of
morphisms of crystals ¢, : 1 — D(X)® over Spec(R) such that

to : 1[1/p] = D(X)®[1/p]
is Frobenius equivariant;
(2) p:Xpg/p — Xgp is a quasi isogeny;
(3) For some nilpotent ideal J C R containing (p), the pull-back of ¢, over Spec(R/J) is
identified with s, under the isomorphism of isocrystals induced by p:

D(Xg/s)[1/p] = D(Xg,,)[1/p].

(4) For some (any) formally smooth p-adic W-lift R of R, endowed with the standard PD-
structure on ker(R — R) = p™R for some m, let (t,(R)) denote the R-section of ().
Then the R-scheme

P(R) := Isom([D(X) ), (ta(R))], [R ®z, A", (1 ® 54)]),

classifying isomorphisms matching (¢, (R)) and (1 ® s4), is a Gy -torsor.
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(5) The Hodge filtration Fil'(X) € D(X)(R) is a {u}-filtration with respect to (to(R)) C
D(X)(R)®, where {u} is the unique G(W)-conjugacy class of cocharacters such that
be G(W)p*G(W).

Now, fix [b] € B(G,v), and suppose that P is the standard parabolic subgroup of G given
as the stabilizer of v. By o-conjugating b, we may choose a representative X which is fully
slope-decomposable, i.e. we have a decomposition

X=Xo - -oX,

such that X; is isoclinic. Such a representative always exists, see for example [Ham17, §2]. In
particular, we have a slope filtration on X as

0cXyC--CcXy =X,

for X; = ®1<i<;X].
Definition 3.2.2. Let RZ(P,b, ) be the subfunctor of RZ(G,b, ) which to a W-algebra R
associates the set of isomorphisms classes of triples (H, H®, p,t,), where

(1) (H,p,ta) € RZ(G, b, p)(R),

(2) H*® is an increasing filtration of H by p-divisible groups over SpecR, with p-divisible

subquotients,
(3) p:Xpgyp — Hpgyp is a quasi-isogeny compatible with the filtration, i.e.

p(Xj rsp) © Hjgyp for any j =1,...,¢;
such that the restrictions of p to the Barsotti-Tate subgroups defining the filtration
Pi* Xjrip = Hjryp
are quasi-isogenies.
(4) For some (any) formally smooth p-adic W-lift R of R, endowed with the standard PD-

structure on ker(R — R) = p™R for some m, let (t,(R)) denote the R-section of (t).
Then the R-scheme

P(R) :=Isomp([D(X)}), (ta(R))], [(R ®z, A*)*, (1@ sa))),

classifying isomorphisms matching (¢, (R)) and (1®s,), and the filtration, is a Py -torsor.

The same proof as in the PEL type case (see [Man08, Prop 4.3]) shows that RZ(P,b, u) is
represented by a formal scheme over Og, formally locally of finite type. Moreover, the formal
scheme RZ(P, b, uu) is formally smooth, since the complete local ring at any point x is, from Prop

3.1.17] exactly SpfR'.

We now recall a key result [Man08, Prop 5.1] concerning the liftings of filtrations of p-divisible
groups. Let S be a connected scheme of characteristic p.

Proposition 3.2.3. Let X = &;X} be a decomposition of a fized p-divisible group over k and
write Xj = Go<i<;X; (j = 1,...,t) for its filtration

Let 4 be a p-divisible group over a noetherian k-scheme S, together with a quasi-isogeny
p: Xg — G. Then there exists a stratification of S by closed subschemes {S;}

S=5D25D--D285 DS+ =; Sy =Ss — Ssq1
such that



EICHLER-SHIMURA RELATIONS FOR SHIMURA VARIETIES OF HODGE TYPE 17

(1) for each s, the restriction of 4 to the locally closed subscheme S admits an increasing
filtration 4° satisfying the condition: for each j = 1,...,t, the restriction of p to the
subgroup X, induces a quasi-isogeny p; : X; — 9;;

(2) for any connected scheme Z and any morphism f : Z — S, f*9 admits a filtration by
p-divisible subgroups with the above property if and only if the morphism f factors via
the inclusion S — S, for some s > 0.

4. AFFINE DELIGNE-LUSZTIG VARIETIES AND ISOGENY CLASSES MOD p

In this section, we will recall results about isogeny classes of p-divisible groups with G-
structure, and the irreducible components of affine Deligne-Lusztig varities of unramified el-
ements.

4.1. Affine Deligne-Lusztig varieties.

4.1.1. Let L =W(F)p)[1/p] and Or, = W(F,). Denote by I' := Gal(F,/F,) the absolute Galois
group. Fix a connected reductive group G over Z,. We denote by Gq, the generic fibre of G.
Let T' C G be the centralizer of a maximal split torus, B D T a Borel subgroup of G.

For b € G(L), let [b] denote the o-conjugacy class of b, and B(G) denote the set of o-conjugacy
classes in G(L).

Recall that since G is unramified, it splits over L, so we have the Cartan decomposition

Gy = I GOpGOw).
peX, (T)*

where X, (T)" is the set of dominant cocharacters. For any b € G(L), let i, denote the dominant
cocharacter such that b lies in the double coset of p#* under the Cartan decomposition.

Let m1(G) denote the quotient of X, (7') by the space of coroots of G. Let kg denote the
composition

R G(L) 2% X,(T)/Q — m(G)

Composing with the projection 7 (G) — 71(G)r, we obtain a map &, which is known as the
Kottwitz homomorphism. Observe that x only depends on the o-conjugacy class [b].

For y1 € X, (T), we denote by pf the image of p in 7 (G)r.

4.1.2. Recall the Newton map v}, : D(Q) — G defined by Kottwitz [Kot85, 4.2]. For G =
GL(V), v is the cocharacter which induces the slope decomposition of the isocrystal (V, ¢ = bo).
In general, it is the cocharacter inducing the slope Q-graduation of the trivial G-isocrystal with
Frobenius ¢ = bo.

Observe that for any g € G(L), we have v, g1 = gvpg~t. Thus, the slope homomorphism
on the o-conjugacy class [b] is defined up to G(L)-conjugacy. We set v([b]) € (X.(T)®Q)™ to be
the unique dominant element in the conjugacy class. This is clearly independent of all choices.

Recall that we have a partial ordering on (X, (T) ® Q)T given by A\; < g if Ay — A1 is a
non-negative linear combination of simple coroots of G.

For any p € X, (T), let F' C L be a finite unramified Galois extension of Q,, over which f is
defined, and let

i 1
=gy > (.

r€Gal(F/Qp)
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4.1.3. For any b € G(L), and any minuscule cocharacter p € X.(T), we define the affine
Deligne-Lusztig variety

X, (b) :={g € G(L)/G(Or) : g 'ba(g) € G(OL)p"G(OL)}.

X, (b) depends only upon the o-conjugacy class [b], and we can replace p by any Weyl conjugate.
Thus, we may assume that p is dominant with respect to some choice of borel B and maximal
torus 7. By the work of [Zhul7], X, (b) is the set of F, points of a perfect scheme over F,, and
a subscheme of the (Witt vector) affine Grassmannian.

We define

B(G, 1) 1= {[b): si([B]) = € m(G)r and w((b]) < i},
We have a partial order on B(G, u) such that [by] < [bo] if and only if v([b1]) < v([b2]). By

[Win05|], we know that X,(b) is non-empty if and only if b € B(G, p).

4.1.4. We define the algebraic group J;, over Q, by
Jo(R) = {9 € G(R®q, L) : g~ 'bo(g) = b}.

There is an inclusion J, C G, defined over L, which is given on R-points (R an L-algebra) by
the natural map G(R ®q, L) — G(R).Then the inclusion J, C G identifies .J, with M over L,
and moreover J, is an inner form of M [Kot97, 3.3].

For any b € G(L), we define

def:(b) = rkq, (G) — kg, (Jp),

where rkg, (G) is the rank of the maximal split Q) torus of the algebraic group G.
Let us now recall a key result about the dimensions of affine Deligne-Lusztig varieties (c.f.
[Zhul7, Thm 3.1])

Theorem 4.1.5. Assume the affine Deligne-Lusztig variety is non-empty, i.e. [b] € B(G,p).
The dimension of the affine Deligne-Lusztig variety X, (b) is

(o, — () — 5 defa (D).

4.2. Connected components. We now assume that p is a minuscule cocharacter of G. Let [b]
be a o-conjugacy class of G, lying in B(G, ). By [CKV15, 2.5.2] we can choose a representative
b of [b] such that v, € (X, (T) ® Q)" is defined over Q,, and is G-dominant. Moreover, b € M,
the centralizer of vp. A standard Levi subgroup M C G is one defined by a dominant cocharacter
in X, (T)". For the choice of b above, M, is a standard Levi subgroup.

4.2.1. By [CKVI5, 2.5.4], if M D> M, is a standard Levi subgroup and s(b) = u, then the
natural inclusion

XM (b) = X5 (b)
is an isomorphism. The pair (y,b) is called HN-indecomposable if #y;(b) # p for any standard
Levi M D M,. The following is [CKV15, Thm 1.1].

Theorem 4.2.2. Assume that G* is simple and that u is minuscule, and suppose that (1, b) is
Hodge-Newton indecomposable in G. Then kg induces a bijection

Wo(X“(b)) ~ Cb#ﬂ'l(G)F
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for some ¢y, € m1(G), unless [b] = [p'] with p central in G, in which case we have an isomor-
phism

X,u(b) = G(Qp)/G(Zyp)
s0 X, (b) is discrete.

Moreover, by [CKV15, Cor 2.4.2], for w € cb,Mm(G)F, with image w.q € ¢ 7 (G we

have an isomorphism of connected components

Xt (baq) ™t —> X ()*.

ad;Had

4.3. Reduction to Levi subgroup. We continue to assume that p is a minuscule cocharacter
of G. Let [b] be a o-conjugacy class of G, lying in B(G,u). Consider My, the standard Levi
subgroup given as the centralizer of the Newton cocharacter v([b]). For the rest of this subsection,
for notational simplicity, we let M := Mp,. We continue to assume that the representative b of
this o-conjugacy class satisfies b € M (L), and moreover v, lies in (X, (T) ® Q)™, is defined over
Qyp, and is G-dominant.

4.3.1. We now want to reduce to understanding the irreducible components in the case where
b is basic. To do this, we will recall the results of [HV1§|, applying the well-known reduction
method of [GHKROG].

Let P = M N be the parabolic subgroup associated to v4, where N is the unipotent radical
of P. Since b € M (L), we have an induced decomposition

Jb(@p) NP(L) = (Jb(@p) n M(L))(Jb(Qp) NN(L)).
As discussed above, we have J,(Q,) C M(L). In particular, we see that J,(Q,) N N(L) = {1}.
We now consider the following subvariety of the affine Grassmanian Grj; of M:
XN<C(b) = {gM. € Grulg~'bo(g) € Kp(p)K}.

Note that Xl]LV[CG(b) = Hu’eh,b Xy(b), where I, 5, is the set of M-conjugacy classes of cocharac-

ters p/ in the G-conjugacy class of p with [b]ys € B(M, 1/). Such a set is non-empty, see Remark
(.32l below.

We also consider
X[ (b) == {gKp € Grplg 'bo(g) € Kpu(p)K}.

The Iwasawa decomposition shows that X 5 C%(b) is a decomposition of Xﬁ;(b) into locally
closed subsets, hence the set of irreducible components of X 5 CE(b) is equal to the set of irre-
ducible components of X f (b). Moreover, the surjection Grp — Grjs induces a surjection

B X9 (1) = X,<C (b).
We want to investigate the image of irreducible components under 8. Define the set
(X)) = B ()
/‘LIEI;L,b
where X'°P denotes the set of top-dimensional irreducible components. Note that X [)4 C&(b) may

not be equidimensional, as the example in [RV14] §8] shows.
We recall the following two results [HV18] 5.5,5.6].
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Lemma 4.3.2. § induces a well-defined surjective map
By : SP(XPEC(B)) - 2 (XMC(b)),

which is Jy(Qp) N P(L)-equivariant for the natural action of the left hand-side, and the action
through the natural projection Jy(Qp) N P(L) — Jy(Qp) N M (L) on the right hand side.

Proposition 4.3.3. Let Z C XﬂJCG(b) be an irreducible subscheme. Then J,(Qp) N N(L) acts
transitively on X(871(2)).

Since Jp(Qp) N N(L) = {1} we immediately get the following corollary.

Corollary 4.3.4. The map By, induces a bijection between irreducible components of Xf(b) and
XM (b).
w

wrreducible components of HM’EIu,b

4.4. Unramified o-conjugacy classes. Recall that we have chosen a Borel subgroup B and
maximal torus 7" such that 7' C B C G. Observe that we have a canonical map B(T') — B(G).

Lemma 4.4.1. The following are equivalent:
(1) [b] lies in the image of B(T)
(2) defq(b) =0
(3) There is a representative of [b] of the form p™, for some T € X (T)

Proof. We denote the image of B(T') by B(G)unr- This result is contained in the results of
[XZ17, §4.2], and we sketch the proof here. Firstly, the canonical map X,(T) — B(G), 7 — [p"]
induces a bijection X, (T),/Qp) =~ B(G)unr, where X,(T), are the o-coinvariants of X, (7).
This shows (1) < (3).

For any b € G(L), we can choose some standard Levi subgroup M and cocharacter p such
that b is o-conjugate to a basic element in B(M, p). If [p7] is basic in M, then J,- contains
the torus T" and therefore, defg(b) = 0. Conversely, defs(b) = 0 implies that b,q is o-conjugate
to 1 in Myg(L). Since M,q(L) is generated by the image of M (L) — Gaq(L) and Tpq(L), b is
o-conjugate to p” for some 7 € X, (T'). This shows (2) < (3) O

Remark 4.4.2. We repeat here the remark [XZ17, 4.2.11]. The identity element represents the
basic element in B(Mq, paq) if and only if [1] € B(Maq, fad), 1-€. tag = 0 in w1 (Mag)r. If Myq
is split, then p,q = 0 in 71 (Myq)r implies that pqq is the sum of coroots of Mg, and hence pi,4q
is either the identity or it cannot be minuscule.

If [b] € B(G) satisfies any of the equivalent conditions in Lemma we say that [b] is
unramified.
We can define the set of dominant elements in X, (7). as

k-1
X*(T);r = {)\O— € Xu(T)s| <)\,Zai(a)> > 0 for every a € A}
i=0

where k is degree of the splitting field of G over Q,. The set X, (T)} is in bijection with
Xi(T)s/2Qp) under the natural map.

4.4.3. We now recall the results of [XZ17, §4.4] which give us a more explicit description of
Xf(b) in the case where G has a connected center.

Let us first recall results (c.f. [XZ17, §3.2]) about the geometry of semi-infinite orbits in the
affine Grassmannian and Mirkovi¢-Vilonen cycles.
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Let H be an affine group scheme of finite type defined over &, the ring of integers of a non-
archimedian local field. We denote by LTH (resp. LH) the jet group (resp. loop group) of H.
As a presheaf, we have LT H(R) = H(W4(R)) and LH(R) = H(W4(R)[1/p]), where

Wg(R) := W(R)®O

is the ring of Witt vectors with coefficients in @. LTH (resp. LH) is represented by an affine
group scheme (resp. ind-scheme).
We define the (spherical) Schubert variety Gr, as the closed subset

Gr, = {(E,p) € Gr|lInv(5) < u}
of the affine Grassmannian Gr of G over I_Fp. It contains the Schubert cell
Gr, := {(E, 8) € Gr[lnv(B) = p} = Gr,,\ Uy, Cry
Let U be the unipotent radical of the Borel subgroup B.
Definition 4.4.4. For A\ a coweight of GG, the semi-infinite orbit associated to A is
Sy == LUp*L*G/L*G.
The following result is the key result about the geometry of semi-infinite orbits.

Theorem 4.4.5 (Mirkovié¢-Vilonen). For A and p two coweights of G with p dominant, every
irreducible component of the intersection Sy N Gr, is of dimension (p, X + p). In addition, the
number of its irreducible components equals to the dimension of the A-weight space V,,(\) of the
irreducible representation V,, of G of highest weight p.

Irreducible components of Sy NGr,, are referred to as Mirkovi¢-Vilonen cycles. We will denote
by MV, () the set of irreducible components of SxNGr,,, and for b € MV ,(\), write (SxNGr,,)P
the irreducible component (a.k.a. MV cycle) labeled by b.

While the results above hold for any general dominant coweight p, we are primarily interested
in the case when p is minuscule. If 4 is a minuscule coweight of G, then Gr,, = Go‘rr” and S)\NGr,
is non-empty if and only if A = wy for some w € Q(@p). Thus,

Sy\NGr, = LYUpLYG/LTG ~ LTUp LU/ LTU
is irreducible.
4.4.6. Now, suppose that 7, € X,(T)}. Consider the intersection
Y, =8, NnX,0p"),

which is a locally closed sub ind-scheme of X, (7). It fits into the following Cartesian diagram

Y, ——— (5,%x8)) N (GrxGry)

prixm

IxpTo

Sy

> Sy X ST+J(V)

where A\ = 7 + o(v) — v, and x denotes the twisted product, and m is the product of the
convolution map. Since (S, xSy) N (GrxGry) = S, x(Sx N Gry) by [XZ17, 3.2.8], every b €
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MV,,(A) gives a closed subset Y,°> = Y,P(7) of Y, that fits into the Cartesian diagram

YP 5 S,%(S\NGr)P

prixm

1 T
Sy L Sy X ST+O’(V)

We need the following lemma. Let A denote the set of simple roots of G. In [XZ17, §3.3]
the set MV, is endowed with a G-crystal structure and therefore to every b € MV, ()) can be
attached a collection of non-negative integers {e,(b),a € A}. The following lemma is [XZ17,
4.4.3].

Lemma 4.4.7. Assume that Zg is connected.

(1) Let A € X,(T) and assume that \y = 75 in X (T)s. Then there exists a dominant
coweight v such that A + v — o(v) is dominant, and (v,a) > g,(b) for all o € A.

(2) Among all v’s satisfying the above property, there is a “minimal” vy, unique up to
addition by an element in X.(Zg). Here “minimality” means that for any other v
satisfying the above property, v — vy, is dominant. In addition, for every o € A, at least
one of the following inequalities is an equality

(o, vp) > eq(b), <Oéa(a), Up) > EU(Q)(b), ceey <Oéad71(a), Up) > €gd—1(q) (b)

where d is the cardinality of the o-orbit of o
For a (choice of) minimal weight v = 14, as above, we let 7, = A + v, — o (vp)

Lemma 4.4.8. Suppose p is minuscule. Letb € MV, (X), and n be the minimal positive integer
such that c™(X) = X\. Then o () — 1 € Xi(Za).

Proof. Firstly, since p is minuscule, we must have A = w(u) for some w € Q(Q,). Moreover,
since 7p, vp are dominant, so too are 0" (1), 0" (vp ). In this case, we have

(4.4.9) ea(b) = max{0,—(\, a)}.
Since 0"(A) = A, we see that for any a € A, we have £4(b) = g,n(q)(b). Thus, 0" (1) also
satisfies the condition in Lemma [4.4.7(1), and thus ¢”(1,) — 11, must be dominant. However,
0" () — b dominant implies

(0" (vb), @) = (vp, @)
for all @ € A. Since (0"(), @) = (Vp, 0 "(a)), we must have (¢"(vp) — Vb, a) = 0, for all «,
hence o™ (vp) — b € Xi(Zg). O

For b € Uyerg(o—1)x, )MV 4(N), let X}j(pT) denote the closure of UVEX*(T)be in X,(p7).
Note that by [XZ17, Lem. 4.3.6 (2)], the isomorphism X, (p”) = X,(p™) induces an isomor-
phism XL’ (p7) = XL’ (p™). Observe that since semi-infinite orbits form a partition of the affine
Grassmannian into locally closed subsets, Y;? form a partition of X 1 (b) into locally closed subsets.
Thus, X}f(pT) is a union of some irreducible components of X, (p”), and X,(p") = UbX)j’(pT).
The following result, contained in [XZ17, 4.4.5, 4.4.7], describes an irreducible component of

XP(p7).
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Theorem 4.4.10. Assume that Zg is connected. Let b € MV, (). Let v = vy, and 7 = 1,
as in Lemma . Let XB’IO (1) be the closure of Y, N Gr,. Then Xﬁ’xo (1) is geometrically
irreducible of dimension (p,pu — 7).

The following result is [XZ17, 4.4.14].

Theorem 4.4.11. Let b = w™ be an unramified element, and assume that 7, is dominant.
Consider the action of Jyr(F') on the set of irreducible components of X,,(p7).

(1) The stabilizer of each irreducible component is a hyperspecial subgroup.

(2) The subset X}j(pT) is invariant under the action of Jyr, and the group Jyr acts transi-
tively on the set of irreducible components of XB(pT).

(8) Assume that Zg is connected. There is a canonical Jyr (F)-equivariant bijection between
the set of irreducible components of X, (p”) and

| | MV, (\) x HSy, (b,z) — XD (7)
Aer+(1—0) X (T)

where HS;, denote the set of hyperspecial subgroups of J(F'), and Xﬁ’x(T) s the ir-
reducible component in XL)(T) whose stabilizer is the hyperspecial subgroup of J;(F)
corresponding to x.

Proposition 4.4.12. Assume that Zg is trivial. Let p be minuscule, and p™ an unramified
element such that 7, is dominant. Fiz b € MV, ()\) such that 7, = A\,. We further assume
T = Tp. Let n be the minimal positive integer such that o™ (\) = A. Then o™ fixes the irreducible
components of XE(pT), i.e. g,0™(g) lie in the same irreducible component of Xl'j’(pT).

We first need a lemma about the group Jp-.
Lemma 4.4.13. With the assumptions above, the set J,mw (Qp) C G(L) is fized by o™.

Proof. We observe that since 7, = A+ v — 0(v3), Jpm is the conjugate of Jpr by p*®. Since
Zq is trivial, by Lemma we see that ¢”(p) = 1p, so it remains to check that the points
I (Qp) C ?(L) are fixed by o™. Then J)x is an inner form of My, the Levi subgroup which
centralizes \, and since p is unramified, we in fact have Jpx = My, so the points J,x(Q,) are
in fact defined over Q,, and hence fixed by o". O

We now prove Proposition [£.4.12]

Proof. Since J,(Qp) acts transitively on the set of irreducible components of X;’(pT), choose
some h € Jpr(Q,) such that hg € X,E””CO (p™). Since X,E”m(b) is the closure of Y,}]’O N Gr,,, we see
that 0™ (hg) lies in the closure of Yﬁl( yNGron(yy,). Since vy, is fixed by o, then o™ (hg) = ha™(g)

Vb
lies in X ,E’ 0(p) as well. Hence g, 0™(g) lie in the same irreducible component of X/'f (). O

4.5. Reduction of isogenies. We now assume that we have a p-divisible group ¢ /k such that
the Hodge filtration is given by ug ! Let K/L be a finite extension and fix a Galois closure K
of K, with residue field IF'p. Let ¢ be a Go,-adapted lifting of ¢ to a p-divisible group over
Og, with a lift of the slope filtration. By Proposition taking v = 0 there exists an

isomorphism

(4.5.1) T,9*(~1) ®z, O —> D(¥F)
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which takes the tensors s, ¢ to so,0 and the filtration on Tpg *(—1) to the graded pieces of the
filtration on ]DD(?? ) induced by the slope filtration. We may take U to be T, ng *(—1) equipped
with the tensors s, ¢, and the filtration Fr on T, pg*(—l); up to modifying the isomorphism
(4.5.1), we can assume that the Frobenius is given by bo.

Let g € G(Q,). There is a finite extension K’/K in K such that g~ 7,9 is G y-stable, and
hence corresponds to a p-divisible group G over K'. Let ¥ = 9' @ E). The quasi-isogeny
0:9 — &' identifies D(¢') with goD(¥) for some gy € GL(D(¥) ®z, Qp).

Moreover, by construction of the isomorphism , there is an isomorphism

T,%9*(—1) ®z, 6 — M(T,9"),

that takes s, ¢ to 54, induces an isomorphism on the associated graded of the filtrations on
both sides, and which, by setting u = 0, recovers the isomorphism in (4.5.1)).

Let O = M(T,9"*) and M = M(T,¥*), then the quasi-isogeny 6 : ¥ — ¢’ induces
an identification 9M(0) : M(T,9")[1/p] = M(T,4*)[1/p] so that M’ = GO for some § €
GL(M[L/p)).

We have the following lemma.
Lemma 4.5.2. We have g € P(Oz—~)g9G(Og~).

Proof. Over Og— there are canonical identifications:
1,9 (1) ®z, O~ ~ M@ O~
T,9"(~1) ®z, Oz— ~ M ®s O

The first (vespectively the second) taking sa.¢ to 3, (respectively sf, 4
first isomorphism also induces an isomorphism of the graded pieces of the filtrations on both
sides. Thus, if we identify T7,%*(—1) with T,%*(—1) via g, these isomorphisms differ from the

ones above by elements of P(Oz~) and G(Og—) respectively. Since the map

to §/,). Moreover, the

can can

T,9"(—1) ® O~ = T,9" (-1) @ Og= = M @ O~ LM Eur A T,G% (1) @ Euy

is given by g, we have g € P(Oz~)9G(Oz~). O
Combined with [Kis17, 1.2.18], we have the following theorem

Theorem 4.5.3. We retain the assumptions of (x). The association g — go induces a well
defined map

G(Qp)/G(Zp) — G(L)/G(OL).
For two choices of the corresponding maps g — go differ by an automorphism of G(L)/G(Or)
given by left multiplication by an element of M(Or). For any g we have g9 € X,,(b) and
kG (g0) = ka(g) € m(G)L. If moreover m € M(Qp), we have &pr(mo) = fp(m) € m (M)L.

Let N be the unipotent radical of the parabolic subgroup associated to v([b])~!. We also
observe the following corollary:

Corollary 4.5.4. With the same assumptions as in Theorem consider um, where u €
N(Qp), and m € Zp(Qp). Then (um)g is of the form ugm.
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5. SHIMURA VARIETIES Shi (G, X)

5.1. Integral Models. We recall the results of Kisin [Kis10] about the construction of integral
models of Hodge type Shimura varieties with hyperspecial level structure at p > 2. Let G be a
connected algebraic group such that (G, X) is a Shimura datum, with reflex field E, and G is
unramified over Q. For the rest of this section we assume that (G, X) is of Hodge type.

Let A? be the ring of finite adeles with trivial component at p. Let K? D G(Alf)) be an open
subgroup. Since (G, X) is a Shimura datum of Hodge type we have an embedding of Shimura
datum (G, X) < (GSp(V), HF) that induces an embedding over E of Shimura varieties

Shi (G, X) < Shg/ (GSp(V), HF)
for K = K,KP, and K' = K,KP, where K], C K, is a small enough compact subgroup of
G(Qp), and K, = GSp(A)(Zy), where A is a Z, lattice of V. Kj, is a hyperspecial subgroup of

GSp(V)(Qp)-
Shy/ (GSp,H*) is the moduli space of triples (A, X\, eh.,), where A is a polarized abelian
scheme, A is a polarization of A, and EII)(, is a section of the étale sheaf

el € Isom(Vye, VP (A)g) /K",

where VP(A) = lim,,, A[n] is viewed as an étale local system and VP(A)g = VP(A) @7 Q.

We have a canonical integral model ./ (GSp, Ht) over Ly for Shr/ (GSp, H*) given by
extending the moduli interpretation to schemes over Z,. By taking the closure of Shg/ (G, X)
in .75 (GSp, H*), we have a model %(/(G,X) of Shi (G, X) over O (), equipped with an
embedding

T (G, X) = S (GSp, H).
Taking the normalization of %«(G, X)), this gives us a smooth scheme .Zf/ (G, X) over O (),
which is the canonical model of Shy (G, X). We also define the projective limit

pr(G,X) = @prKp(G,X).
Kp

Observe that there is a universal abelian scheme h : A — .7,/ (GSp, HY), and by pulling back
to Yk (G, X), we have an abelian scheme over .k (G, X ). By abuse of notation, we also let

h:A%yK(G,X)

be the universal abelian scheme over .k (G, X).

Moreover, the constructions in [Kis10] also give us étale, deRham, and crystalline tensors for
points in .k (G, X). Let us briefly review this construction. Recall that we have an embedding
Gz, — GSp(A) € GL(A) of group schemes over Z,. Let Vz be the Z-lattice of V' such that
Vz ®7 7, = A. Write VZ(p) = Vz ® Zy,). Then we have a closed embedding of group schemes
over Z(p)

Gz(p) — GSp(VZ<p)).
Let (sq) €V, be tensors such that Gz, , is the stabilizer of the tensors (s,), where for an
Z(p) (P)

R-module M, we write M® for the direct sum of all tensor products, duals, symmetric and
exterior powers of M.
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Let Vgr = R'h,Q® where Q° is the sheaf of differentials on «7. By the de Rham isomorphism,
we can view (so) as sections (sq.qr) of V4r defined over C. In fact, (sq,4r) are horizontal sections
of foR defined over Op, (,), which lie in the Fil® part of the Hodge filtration.

Similarly, for [ # p, let V; = thét7*(@l, and let V, = R! hi.ét,+Qp, where hy, denotes the generic
fibre of h. These are étale local systems over ./ (G, X) and Shg (G, X) respectively. By the
étale-Betti comparison isomorphism, we have sections (s,,;) of V; defined over C, which are in
fact defined over E for | = p, and Op, () for | # p.

If T is an Op ,)-scheme (resp. an E-scheme), x € Sk (G, X)(T), and x = [ or dR (resp.
* = p), we denote by (sqx.) the pullback of (sq) to T. Similarly, we denote by A, the
pullback of A to x. Furthermore, note that for I # p, since the Il-adic rational Tate module
Vi(A;) is dual (as a Q, vector space) to H}, (A, Q;), we can view the sections (sq,,) as sections
of Vi(A;), which we also denote by (s4,,.). In this way, we have a section (sq,5)i2p of the étale
sheaf V?(A,)qg, and if  corresponds to the triple (A, A, b)), e is in fact a section

ek € Isom((Vje, VP(A)g)/K?),

which sends (sq) t0 (Sa,1,z)i£p-

Let .7, denote the special fiber of .7k (G, X). Furthermore, suppose that Z is a geometric point
of the special fiber of ., with residue field k. Consider the crystalline cohomology of the abelian
variety Az, H. ., (Az/W(k)). Note that this is canonically isomorphic to the contravariant
Dieudonné module D(Az[p*]) of the p-divisible group Az[p>°]. Then via the p-adic comparison
isomorphism, we can construct crystalline tensors (sq,0z) C Hli (Az/W (k).

Hl. (Az/W(k)) is an example of an F-crystal with G-structure over Spec .

For any geometric point z € .#(F,), while the p-divisible group A, [p™] and the crystalline
tensors (Sq,0,.) depends on some choices made during the construction of (G, X), it induces an
F-crystal with G-structure D(G,,) over F,, which is independent of them. Moreover, [Lov17] (c.f.
[KMPS, Appendix A]) constructed a universal F-isocrystal with G-structure over ./ (G, X),
which we denote by Dy. Dy specialises to D(¥4,) for every z € Sk (G, X)(F,). Moreover, we also
have a section (sq,0) C IDDSZ) defined over k, such that the pull-back to any geometric point x is
the crystalline tensor (sq,0,») constructed above. If T' is a scheme over Speck, for any z € .7,
we denote by (sq,0.) the pullback of (sq,0) to T

From the arguments in [Kis10], we have the following proposition

Proposition 5.1.1. Let x € .%.(k) be a geometric point of .. By construction, we have
tensors (Sga0) C D(9:)(W(k))®. Then the completion U, of F at x is isomorphic to the
deformation space Spf Rg of Gy -adapted lifts of 4,.

5.1.2. For any point = € .7, (F,), let b, € G(L) be such that the Frobenius on D(¥,) is given
by ¢ = byo. b, is determined up to o-conjugacy by G(Or), we simply choose a representative
here.

We can in fact describe the elements [b] of B(G) which arise from points on the Shimura variety.
Recall from Section that attached to the Shimura datum (G, X) we have a dominant
minuscule cocharacter u. If we choose T' C Gz, then p is also Gy-valued. We set v = a(p™t).
Note that, for any Gy-valued cocharacter pg such that p 1 defines the Hodge filtration on
D(%,), p, po must be conjugate. Since p, g are Gyy-valued they are conjugate by an element of
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G(W). Hence, if we set vy = o (g '), we have
be GW)pGW) = GW)p"G(W),
hence [b] € B(G,v).
5.1.3. For any [b] € B(G,v), we define the Newton Stratum .7, as
I = € Fi(Fy) : [ba] = [B]}.

This is a locally closed subscheme of ., with reduced subscheme structure.
We also have the following result of Lee [Leel8] about the non-emptiness of each Newton
strata, which was generalized in [KMPS|] without the condition that G is unramified.

Theorem 5.1.4. Suppose that b € B(G,v). Then y,ﬂ[b] s mon-empty.

Note that there is a unique [b] € B(G,v) such that v([b]) = ©, which we refer to as the
ord

p-ordinary element [b°"4]. This corresponds to a maximal Newton stratum 7 We denote

this by 7" and refer to this as the u-ordinary locus of .%, and points as p-ordinary points.

Let us state a few properties of the Newton stratification.

Theorem 5.1.5 ([Haml17],|[Zhal5]). Let [b] € B(G,v). Then

(1) y,ib] is non-empty and of pure dimension

(o w8} — 5 def(v),

where p denotes the halfsum of positive roots of G, v(b) denotes the Newton cocharacter
of [b] and def(b) denotes the defect of b.

b 4
(2) S = Uiy 75

5.2. Isogeny classes mod p. For any g € X,(b), we see that g-ID(%,) is a Dieudonné module.
Hence g-D(%,) corresponds to a p-divisible group %, which is naturally equipped with a quasi-
isogeny ¥, — %, corresponding to the isomorphism ¢ - D(%,) ® Q, — D(%,) ® Q,. Note that
since g preserves the tensors (sq,0.2), we have tensors (Sa,0,9z) := (Sa,0,2) C D(Zyz)®.

We denote by Ay, the corresponding abelian variety, which is isogenous to A, and canonically
equipped with a K’-level structure, induced by that on A,. Moreover, the weak polarization
on A, induces a weak polarization A\g; on Ag,. The following result [Kisl7, 1.4.4] shows that
(Agz, Age) induces a point on .7 (G, X).

Proposition 5.2.1. There is a unique map
Lyt Xp(b) = Ik (G, X)(Fp)
equivariant for the action of the r-th power of the Frobenius, such that (Sa,02) = (Sa,0..(g)) C
D(9,,)%.
5.2.2. The map ¢, in (5.2.1) extends to a G(Ag)—equivariant map
Lo+ Xo(b) x G(A)) = Tk (G, X)(Fp).

We call the image of ¢, in (5.2.1)), the isogeny class of x.
Fix an embedding of Q-algebras L — C. Let z € Yk (G, X)(F,), and & € Yk (G, X)(0;) a
point lifting z. By [Kis10, 2.2.6] there is an element (h, 1, ¢%) € X x G(Q,) x G(Ag) which maps
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to & € Shg (G, X)(C). Attached to (h,1,¢%), we have an isomorphism H;(Az(C), Z,)) — Vi
and hence an isomorphism 7,%; = Vz, which takes s, to Sapz. Then we can apply the
construction of and obtain a commutative diagram

hx G(Qp) x G(A)) —— Fx(G, X)(0Op)

igp —9p,0 l

Xv(b) X G(Ag) — yK(GaX)(FP)

5.3. Special point liftings. In this subsection, we will recall results from [KisI7, §2] about
liftings to special points up to isogeny. Choose x € #%(G, X)(k) for some finite field k D k.
Then = defines an element b := b, € B(G,v). Recall that v, is central in Jp.

Theorem 5.3.1. Let T' C J, be a mazimal torus (defined over Q,). Then there exists a cochar-
acter up € X«(T) defined over Q, such that

(1) As a G,-valued cocharacter, pr is conjugate to p

(2) iy =v, "
Proof. This result is contained in [LR87, §5] (c.f. [Kis17, 2.2.2]). We sketch the proof here. Let
Ky be the field of definition of b, and let 7" C T be the maximal Q,-split sub-torus, so that the
centralizer of 7" is My, C Gk,. Up to o-conjugation by an element of G(Kj), we may assume
that b € Mg, (Ko). Then T may also be viewed as a subgroup of Gg,, so M, is defined over
Qp. Moreover, M contains the centralizer of a maximal split torus T of Gg,.

Let P be a parabolic subgroup of G with unipotent radical N, such that P = MN. Let

g € X,(b). By the Iwasawa decomposition, we may assume that ¢ = nm with n € N(L),m €
M(L). Then g~1'bo(g) = m~tbo(m)n’ for some n’ € N(L). Let v' € X.(Ty) with m~1bo(m) €
(M(L)NG(Or))p” (M(L)NG(Or)). Then v/ is conjugate tov = o(u~ 1) in G. Welet up € X.(T)
be a cocharacter which is conjugate to o~!(v'~!) in M. One checks that ur satisfies (1) and
(2). O

Remark 5.3.2. The latter half of this argument can be used to show that the set I, (defined
in [4.3.1)) is non-empty, by taking M to be the standard Levi, and T% to be the torus T defined
there.

Remark 5.3.3. If b is unramified, we can take Jj, to be Mp,), the torus T" to be the fixed one we
referred to in and pr is 01 (77 1) for the representative p” such that 7, € X, (T)}.

5.3.4. ,u;l induces an admissible filtration on (¥, ), where K is the field of definition of ur,
thought of as a G, character. From [KisI7, 1.1.19] there is some p-divisible group ¢’/k such
that D(¥¢’) = ¢D(¥) for some g € X, (b) and there is an Ok lift of ¢’ with filtration given by
pi7. We then replace = with ¢,(g), and take & € Shy (G, X)(K) lifting = such that the filtration
on D(%; )k is given by u;l. Up to modifying the choice of torus 7', it turns out that z is a
special point. We thus have the following (c.f. [Kis17, 2.2.3] for more details).

Theorem 5.3.5. The isogeny class (X, (b) x G(A?)) contains a point which is the reduction
of a special point on Shi (G, X).

We now consider the case there the point = is p-ordinary. Let us first recall the results of
[Worl3] and [SZ16] about canonical lifts of p-ordinary points.
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The following result is a reformulation of [Worl3, Prop 7.2].

Lemma 5.3.6. Let [b,] be p-ordinary. Then up to o-conjugacy by elements in G(Op,), we have

by =p".
Using this, we can consider the special point lifting g?;: of ¢, obtained from the above procedure
such that 5" is 0~ (v), and we have the following theorem [SZI6, Thm 3.5).

Theorem 5.3.7. Let ¥, be the p-divisible group associated to some x € yK(I_Fp) which is p-
ordinary. Then 9, is the unique Go, -adapted lift of 9, to Oy, such that the action of Jy(Qp)
on 9, lifts (in the isogeny category) to 4. Moreover & is a special point.

The lift Z is known as the canonical lift of x.

Let M be the standard Levi subgroup given as the centralizer of ©. Note that in the above
theorem f%c is also, by construction, the unique Mg, -adapted lift of ¢¥. Moreover, we have
Jy = M, and an isomorphism

X7 (0) = X1(b) = M(Qp)/M(Zy)

of perfect schemes of dimension 0. In particular, we see that all isogenies of ¥, lifts to isogenies
of 4,.

6. THE MODULI SPACE p — Isog

6.1. Preliminaries. Let T" be a scheme over O (), and consider any two points z,y lying
in Yk (G,S)(T). For any geometric point ¢ of T, let x;,y; be the pullback of z,y to t. As
described above, we have [-adic étale and de Rham tensors (sz,,a,) for I # p, and (s, q.dr)
(respectively (Sy,.a.1), (Sy,.a.dr) for y;). Observe that k(t), the residue field at ¢, could be of
either characteristic 0 or characteristic p. Suppose k(t) is a field of characteristic 0, i.e. it is an
extension of E. Then, we also have p-adic étale tensors (sz, .ap), (Sy,.a,p). Otherwise, if k(t) is of
characteristic p, it is an extension of . Similarly, we have crystalline tensors (Sz,.0.0), (Sy;,a,0)-

We define a quasi-isogeny between z,y to be a quasi-isogeny f : A, — A, of abelian schemes
over T', such that for any geometric point ¢, the induced quasi-isogeny f; : A;, — A,, of abelian
varieties over k(t) preserves all the tensors described above.

We define a p-quasi-isogeny between x,y to be a quasi-isogeny as defined above, such that
the isomorphism on the rational prime-to-p Tate modules f : V?(A,)g — VP(A,)g, induced by
the quasi-isogeny A, — A,, respects the prime to p-level structures £f, e}, i.e. £ is given by
the composition

v

Al ? Vp(Aa:)Q % Vp(Ay)Q'

In particular, we see that the weak polarizations on A;, A, differ by some power of p.

6.1.1. Consider the fppf-sheaf of groupoids p — Isog of p-quasi-isogenies between points on
Ik, (G, X). Concretely, for any Op (,-scheme T, points of p — Isog are pairs (z, f), where
r € Yk, (G, X)(T), and f is a p-quasi-isogeny f : Ay — Ay, where y € Sk (G, X)(T). We have
canonical 1-morphisms sending a p-quasi isogeny (z, f) to = (respectively y)

s:p—Isog = Yk, (G, X) t:p—Isog = Yk, (G, X).

Denote by Z the constant sheaf associated to Z on Sch/OF,, which we can consider as a rigid
stack. To any pair (z, f) we can associate a multiplicator d € Z, defined as follows. Let m be
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a positive integer such that p™f is an actual isogeny from A, to A,, then the degree of f is
d —m, where d is the degree of p" f. The map which takes a p-quasi-isogeny to its multiplicator
defines a 1-morphism p — Isog — Z. For every global section ¢ of Z we define p — Isog® to be its
inverse image, i.e. p-quasi-isogenies with multiplicator ¢. Thus, p — Isog is the disjoint union of
p — Isog®. We have the following well-known proposition:

Proposition 6.1.2. The 1-morphisms s,t : p—Isog® — Sk (G, X) are representable by proper
surjective morphisms. Moreover, p — Isog® is a relative scheme over ., and hence p — Isog is
an algebraic stack. Furthermore, the morphisms are finite étale in characteristic zero.

Note that we can also impose level structures on p — Isog. For KP C G(A}:), we can define
p — Isogkp in a similar way, by setting K = K?K,, and considering p-quasi-isogenies between
points on .k (G, X) instead. For small enough K? such that “x(G,X) is a scheme, the
arguments above show that p — Isogg, is in fact also a scheme over O (,). In the following, we
always assume sufficient level structure K? such that p — Isogyp is a scheme, and for notational
simplicity we will simply denote this by p — Isog.

Lemma 6.1.3. p — Isog ® E is equidimensional of dimension 2{p, j).
Proof. This follows from Proposition and the fact that dimension Shx (G, X) = 2(p, n). O
Note that composition of isogenies induces a morphism

(6.1.4) p — Isog X o, (. x)p — Isog <5 p—Isog
that maps any pair of T-valued isogenies f1 : A — Ag and f5 : Ay — A3z to fyo fi.

For any Op ,) scheme S, let p — Isog ® S denote the base change p — Isog X0p. () S. We
denote Q[p — Isog @ S| by the Q-vector space of irreducible components of p — Isog ® S. If S
is a scheme over F, (6.1.4) gives us a multiplicative structure on Q[p — Isog ® S]. Concretely,
let C, D be irreducible components p — Isog ® S, denote by C - D the image of C' X o, (g, x) D
under the map ¢, multiplied by the degree of ¢. Then since s is finite étale in characteristic zero,
dim C - D = dim C, and hence C - D defines an element of Q[p — Isog ® S].

6.1.5. Consider the closure ¢ of the generic fiber p —Isog ® E in p —Isog. We abuse notation
and still denote the special fiber of ¢ by p — Isog ® k, and the Q-vector space of irreducible
components by Q[p—Isog®k]. Since ¢ is flat over O E,(v)» Irreducible components of p—Isog®r
are hence of dimension 2(p, ). We still have proper maps s,t: p — Isog ® Kk — Z.

As described above, we have a stratification of .7, by elements [b] € B(G,v). Since [b] is
invariant under quasi-isogeny, we can similarly define a stratification of p — Isog ® k as follows.

p—Isogl @ & := {2 € p — Isog @ K(F,) : [by(x)] = [b]}

with reduced subscheme structure. In particular, p — Isogl” ® s = s_l(ﬂ,f[b]). When [b] is pu-
ordinary, we also denote the associated subscheme by p — Isog®™ ® k. Observe that the closure
relations on % induce closure relations on p — Isog ® k. In particular, we see that

p— Isog[b] QK C U p— Isog[bl] R K.
[b']=[b]
For any C' € Q[p — Isog ® k|, we define

ol = p— Isog[b} ®rkNC.
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6.1.6. Let
f : ./41 — AQ
be the p-quasi-isogeny corresponding to an Q-valued point in p—Isog® E. Choose isomorphisms
a; t A~ Tp(A;), i =0,1. Then ay ' o V,(f) o ay : Vg, — Vi, is an element of G(Qp). Its class
7(f) in K,\G(Qp)/K) is independent of the choices involved. Moreover, because we can locally
trivialize the étale local systems T),(A;), the function 7 is locally constant, and hence gives a
well-defined map on irreducible components of p — Isog ® F.
Thus, we can define a Q-algebra homomorphism

ha : H(G(Qp)//Kp) = Q[p — Isog ® E]

as the map which takes 1k 4k, to the formal sum of irreducible components C' C p — Isog @ E
such that 7(C) = K,g ' K,.

Remark 6.1.7. Note that we map K,g~ 1K), rather than K,gK, to this is a correction of [Wed00],
following the remarks of [Nek18, A4].

6.1.8. Given an irreducible component C' C p — Isog ® E, we can consider the closure 4 C
p — Isog, and let U;C); be the special fiber of €', where each C,,; is an irreducible component.
We thus define a specialization of cycles map S : Q[p — Isog ® E] — Q[p — Isog ® k|, such that
S(C)=3,Cpi. Welet h denote the composition

h: H(G(Q)//K,) = Qlp — Isog ® E] 2 Q[p — Isog @ k).

This is an algebra homomorphism, with the multiplicative structure on Q[p — Isog ® x| defined
as in Appendix

6.1.9. Since the Hecke algebra H(G(Qp)//K)) is commutative, it follows that its image under
h is a commutative subalgebra of Q[p — Isog ® k]. There is another element which lies in the
center, namely the Frobenius section Frob. This was shown by Koskivirta (c.f.[Kosl4, Prop.
25]). In particular, this means that when multiplying the terms in Hg x (Frob), we may freely
multiply terms without worrying about the order of multiplication.

6.1.10. We now consider the case where [b] is the p-ordinary o-conjugacy class. In this situation,
we will show that p — Isog™ Pl @k = p— Isog[b} ® k, and moreover we can construct a map h
from the Hecke algebra for M, to Q[p — Tsog”d @ k.

Consider any geometric point of p — Isog®™

® k, which gives us a p-quasi-isogeny f : A, — A,
of abelian varieties over F,, where z,y € .#;(F,). This induces a quasi-isogeny of p-divisible
groups over F,,. To lift f to a p-quasi-isogeny over Oj, it suffices by Serre-Tate theory to lift the
associated quasi-isogeny of p-divisible groups, which we also denote by f.

From the results in we see that given a quasi-isogeny f : A, — A, there is a unique
lift to an isogeny f“" : AZ*™" — ATH"™ over O, such that AZ*™, A" are the canonical lifts. Let
M := Mpora). Consider the p-adic Tate modules T),(AZ"") and T, (Ay™). By construction, M is
the centralizer of v. We can choose isomorphisms a; : A =~ T,(A"), ag : A =~ T,,(A;™) such
that the map a; ! o f" o0 oy gives a well-defined coset of in M.\ M (Q,)/M.,

Similar to the case over the generic fiber, to each geometric point in p — Isog®™

® Kk we can
associate an element 7/ which maps to each point the coset representative in M \M (Qp)/Me..
Such a map is locally constant, by a proof that is almost identical to the proof of [Moo04, Lem
4.2.11].
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Proposition 6.1.11. The function 7 is constant on irreducible components of p — Isog®™? ® k.

Thus, we can define a Q-module homomorphism
(6.1.12) h: Ho(M(Qp)//M.:) — Q[p — Isog®™ @ k]
as follows. h maps 1a.maz, to the formal sum mc over all C such that 7/(C) = M.m~ M.,
and deg(C) is the degree of the finite flat map s : 04 — o7,

h is clearly a map of Q-modules. Note that Q[p — Isog®d ® k] also has the structure of
a Q-algebra given by the map (6.1.4]), since s,¢ are finite flat morphisms when restricted to

p — Isog®™® @ k (proof is identical to that in [Moo04, 4.2.2]). With this structure, h is clearly
also a Q-algebra homomorphism. A is related to h in the following way:

Proposition 6.1.13. We have the following commutative diagram

Ho(G(Qy)/ /) ——"—— Qlp — Isog @ E]

(6114) 35] ordoS

Ho(M(Qp)/ /M) ——— Qlp — Isog™ @ &].

Proof. Consider any irreducible component C' C p — Isog®™

C. This is a quasi-isogeny between p-ordinary p-divisible groups 4, % over F,. Let % be the
canonical lift of ¢, and suppose that the canonical lift of the quasi-isogeny is given by mK,, for
some m € M(L). Under the twisted Satake isomorphism S the function Ik, gets mapped
to 1,n.. Thus, we see that the image of the type 7 as a Kp-double-coset gets mapped to the
image of the type 7/, so the diagram commutes. (|

® Kk, and any geometric point on

6.1.15. For any abelian scheme A,, consider the relative Frobenius isogeny. In particular,
since the residue field k is of order p", there is a Frobenius section of the source morphism
s : p—Isog®k — S, sending the abelian variety A, to the n-th power Frobenius map on
A,. Let Frob denote its image, which is a closed reduced subscheme of p — Isog ® . In fact,

ord @ k., it is a union of irreducible components of p — Isog®d ®k. This

restricting to p — Isog
allows us to consider Frob as an element of Q[p — Isog®™® ®x].
We now would like to determine the double coset corresponding to Frob. Let z € .#°"4(F,).

The lift of the relative Frobenius isogeny is hence given on T;%(—1) by
D(#?) = gD(%:) = D(%),

where g = (bo)"(1) = vo(v)...c" 1 (v)(p) = Ao())...o(\)(p), where we recall that A was the
unique dominant Weyl conjugate of p .

Hence, we see that a p-power isogeny f : A; — Ay of p-ordinary abelian varieties is isomorphic
to the Frobenius if and only if its type is MCS\_l(p)Mc. Hence, we see that under h, Frob is
the image of 1 MA(p)M." This, combined with the commutativity of the map in and the
result of Biiltel (2.3.2)), gives us the following proposition.

Proposition 6.1.16. Viewing Hg x () as a polynomial in Q[p — Isog® 4 @ k| via the morphism
ord o h, the following relation holds:

Heg x (Frob)°d = 0.
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6.1.17. Now, observe that since the p-ordinary locus is open and dense by the main result of
[Worl3], and s is finite and flat over the p-ordinary locus, we see that dimp — Isog®™ @ k =
dim .74 = 2(p, ). Hence, we see that the closure of p — Isog®? @ & is the union of some
irreducible components of p — Isog ® k. However, it is not true that p — Isog®? @ k is dense
in p — Isog ® k. For instance, this property fails for the Hilbert-Blumenthal modular variety

attached to a totally real field of degree 2 where p is inert (c.f. main result of [Stad7]).

6.1.18. We would like to determine what possibilities we have for the irreducible components
of p — Isog ® kK which are not contained in the p-ordinary locus.

Firstly, we want to obtain an upper bound for the dimenision of p — Isog[b] ® k. Thus, fix
a point z € 7 (Fp), and let y € .7, (F,) be such that there is p-quasi-isogeny f : A, — A,.
Note that given A, f is entirely determined by the induced quasi-isogeny of p-divisible groups
9, — 9,, which we know by (contravariant) Dieudonne theory is determined by the induced
map of Dieudonne modules

f:D(9,) = D(%).

From the previous section, we see that the set of possible p-quasi-isogenies of x is given by the
image of ¢;(X,(b)). We now apply Theorem [4.1.5| Then, we see that the dimension of X, (b),
viewed as a scheme over Fy, is (p, u — v([b])) — 3 def(b), hence the dimension of s~!(z) is less
than or equal to (p, u — v([b])) — & def ().

Remark 6.1.19. In fact, following the work of Kim (c.f. [Kim18]) and Zhu (c.f. [Zhul7]), X, (b)
is isomorphic to the perfection of the reduced special fiber of the Rapoport-Zink space of Hodge
type M(G, u, ), and we know that by definition s~!(z) is a subscheme of the special fiber of
M(G, p, x).

Combining this with Theorem we have the following lemma.

Lemma 6.1.20. The dimension of p — Isog[b} ® K 1S at most

2<p7 :U> - defG(b)

We thus have the following key proposition. For any geometrically irreducible subset C' C
p—Isog ® k, we let C” denote the intersection of C' and p — Isogl” @ k. Since B(G,v) is a finite
set, there must exist some [b] such that C”! is dense in C.

Proposition 6.1.21. Let C' be any geometrically irreducible component of p — Isog ® k. For
any [b] € B(G,v), if Cl is dense in C, then b must be unramified.

Proof. 1t is clear that the dimension of any geometrically irreducible component of p — Isog ® x
is 2(p, 1), since p — Isog ® E is of dimension 2(p, u). If defg(b) > 0, then the dimension of Cl*l
is strictly less than 2(p, u), so it cannot be dense in C. O

Remark 6.1.22. Remark implies that if G is split over Q,, then the only unramified element
in B(G,v) is the p-ordinary o-conjugacy class, and hence the p-ordinary locus is dense in
p — Isog ® k. This, combined with the p-ordinary congruence relation, gives a simple proof of
the congruence relation in the case where G is split over Q,. This extends the main result of
[Wed00] to the Hodge type case. We note that there is a slight difference in the result obtained
here because Wedhorn shows the density result of the special fiber of the fbeginull moduli space
p — Isog, whereas here we show the density result of the special fiber of the flat closure of the
generic fiber p — Isog ® E, which may be smaller.
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We will refer to geometrically irreducible components C' of p — Isog ® x such that C'”) is dense
in C as being [b]-dense.

Given any D € Q[p — Isog ® k] and any [b] € A, we define resl’ (D) to be the sum of [b]-dense
irreducible components in D.

6.2. Structure of [b]-dense irreducible components. In this subsection, we describe the
[b]-dense irreducible components of p — Isog ® k in terms of the irreducible components of the
affine Deligne-Lusztig variety X, (b).

6.2.1. We recall the construction in [Man05, [HK19] of the finite and infinite-level Igusa varieties
for Siegel modular varieties and general Hodge-type Shimura varieties.

Let us fix an embedding of G < GSp,,, for some n. Let b’ denote the image of b in B(GSpy,,),
' denote the image of 11 in X.(GSpy,). Let % be the p-divisible group over [, which corresponds
to b'. Since % is isogenous to a completely slope divisible p-divisible group (see [Ham17, §3.2]),
we may assume that ¥ is completely slope divisible. Attached to % is a polarization which we
denote by \g. We define the central leaf C" C Ag’ associated to (%, Ao) as follows.

C = {z e AV : (A, [p™), \a) = (%o, \o) ® k(2)}.

Since C" is smooth by [Ham17, Prop 3.8], the universal p-divisible group over the central leaf
Xo = Auniv[p™]|cr is completely slope divisible, as shown in [Man05, §3] Let 4! (resp. X{) be
the i-th piece of slope decomposition of 4 (resp. Ap).

For any positive integer m, we let J;, — C’ be the Igusa variety of level m, defined as the
moduli space of isomorphisms {j¢,} such that j¢, : [p™] = Xi[p™] which commute with the
polarisations and for any m’ > m can be lifted étale locally to an isomorphism of p™ -torsion
points. Moreover, we have natural inclusion maps J/ , — J;, for any m’ > m, so we define the

Tl = lm Jy,.
Over J!_, we have universal isomorphisms, which we denote by j*“"". Let J(/)gp ) denote the

inverse limit

perfection of J._. As the slope filtration splits canonically over perfect schemes, we in fact have
an isomorphism

_ )
Yo =04

induced the perfection of &;%%"" which we denote by j.

We now define the central leaf and Igusa varieties with G-structure. Recall that to every
point s € Z(F,) we have defined crystalline Tate tensors (sg ) on the Dieudonné module
D(Ag [p*]). Moreover, ¢ is also equipped with tensors (sp,). Let

/ — 00
ey = G0 x T

[ges]

C:= {JI S (Ax[poo], Az, SG,Q@) ~ (g(), Ao, S()ja) (%9 k:(x)}

We define the perfection of the infinite level Igusa variety over C' in the following way. Let
Jég ) ¢ (JL, xcr C’)(pioo) be the locus where 50, = j«5a,o for every a, i.e. we want the locus
where the isomorphisms preserve the tensors over the p-divisible group. This gives a well-defined

scheme, and we define the infinte level Igusa variety as

Joo = im(JE ) = J' xer O),
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and the level m Igusa variety as
Iy = im(JP) 5 J <o C).
6.2.2. Following [HK19], we can define a surjective map

Too : JE ) X RZ(G, b, )" — .7

*)

which is a Jy-torsor for the pro-étale topology, defined as follows. Let (Auniv, Auniv, Muniv) be
the universal abelian variety over AZI, and let (A, A\,n) be the pullback of (Auniv, Aunivs Muniv)

to ) x RZ(GSpy,,, V', )¢ via the map
J) X RZ(GSpyy, U, i) — T — AY,

where the first map is the projection onto the first factor, and the second is the composition
T S gl s AV
Denote by puniv be the universal quasi-isogeny over RZ(GSp,,,, b, /). Zariski-locally there
exists an integer mj such that p™ pyniy is an isogeny. By glueing A/j(ker p™1p) over a suitable
Zariski covering, we obtain a polarised abelian variety over Jégp ) x RZ(GSp,,,, b, )¢, with
polarization and level structure induced by A, p respectively. Hence, we get a map
e o JPT) X RZ(GSpyy,, b, 1) — AY.

*)
If we restrict 7. to Jéé’*m) x RZ(G, b, u), this map factors through ., and in fact there is a

unique lift of 7’

OO|J(p_ to a map
(oo}

)

XRZ(Gbyp)red

Too : J& ) X RZ(G, b, )¢ — .72

[e.e]

Now, we can define a map

Too : RZ(GLb, )" x JP™7) 5 RZ(G, b, 1) — p — Isog @ kL
%)

as follows. Given (x,v,2) € RZ(G, b, u)" x Jég_ x RZ(G, b, 11)"*?, the image of (z,y, z) is the
pair (2/, f) where ' = T (y, z) € 7L, and f is the quasi isogeny between 2’ and z” := 7o (y, 2)
given by puniv,» © p;émw.

Observe that 7y, is equivariant for the action of J, x J, and also a Jy-torsor for the pro-étale
topology. Moreover, we observe that since 7, is surjective, oo is also surjective. Since 7o, is
universally closed when restricted to the product of J& ~ and a quasi-compact closed subset of
RZ(G, b, 11)"*?, 50 t00 is 7so. Thus, observe the following:

Proposition 6.2.3. Every irreducible [b]-dense component of p—Isog @kl is the image of some
triple (X,Y, Z), where X, Z C RZ(G,b, u)"*? are irreducible components, and Y C Jéé’*“’) s an
irreducible component. Moreover, the pair (X, Z) is determined up to the action of Jp.

7. HECKE CORRESPONDENCES

The goal of this section is to understand the action of the Hecke algebra on the cohomology of
the Rapoport-Zink space, in particular the top-dimensional compactly supported cohomology,
and show that it determines irreducible components of p — Isog ® k.

7.1. Preliminaries. For the entirety of this section, we will fix an unramified o-conjugacy
class [b] € B(G,v), and a representative b € [b] which we assume is of the form b = [3(p),
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for some S is in the Weyl-orbit of v. For notational simplicity, in this entire section, we will
denote the formal schemes RZ(G, b,v) and RZ(P, b,v) by RZqg, RZp, respectively. Let H(G) :=
H(G(Q)//G(Zp),Q), and H(M) := H(M(Qp)//M(Zy), Q).

7.1.1. Let S be the completion of the Shimura variety .k (G, X) along the special fiber .7,
and S be the rigid-analytic generic fiber. Similarly, we let Sp; be the completion of the Shimura

variety . along the the Newton strata Y,«Eb], and Sp be the generic fiber of :S’\[b}, viewed as a
rigid-analytic space. Given any closed subscheme C of p —Isog ® k, we define C to be the generic
fiber of the completion pfls\ogc, viewed as a rigid-analytic space. Calligraphic font (eg. C,S)
will always denote a rigid-analytic space.

We can define a cohomological correspondence on S supported on C, as follows. (See
for the definition of cohomological correspondence.) Since we have s, t finite étale maps,

s&ch s,
we have s*Q; = t*Q; = Q;, and we define the map uc : s*Q; — t'Q; = t*Q; to be the identity.
If C' is the finite union of some irreducible components A1, ..., A, of p—Isog® k, then observe

that as cohomological correspondences of (S,Q;) supported on C, we have u¢ = f1 ua, +---+
fnua,, where on the right-hand side we !-pushforward (c.f. |A.1.6|) the correspondence supported
on A; to C via the inclusion map f;.

7.1.2.  We can form a commutative diagram of formal schemes

RZG s v > RZG

b

S+ p—TIsogys —— §

where we define ® = prgC X s RZ¢, so the left square is Cartesian. Here, ¢’ is the map
defined as follows. Given an element (x, (H,3)) of ©, such that = € pfﬁ)gc, (H,pB) € RZg,
x defines a quasi-isogeny of p-divisible groups = : 4 — H, for some p-divisible group ¥ with
G-structure. We then define s'(z,(H,B)) = (4,27 18). Thus, we see that both squares are
Cartesian in the above diagram. In particular, we can consider the x-pullback (c.f. of the
cohomological correspondence from S to RZ¢, on both the rigid analytic generic fiber and the
special fiber. This gives a cohomological correspondence on RZEg (resp. RZrGed) which we will
denote by urz.c (resp. urz,c).

7.1.3. For g € G(Qp), other than the correspondence associated with the closed subscheme
C = h(lk,gk,) C p — Isog ® Kk, we also have another commonly-used definition for the Hecke
correspondence given by K¢k, on the rigid-analytic generic fibre (S,Q;), as follows. It turns
out that these two definitions induce the same maps on cohomology. For m > 0, we define
K,(m) to be the kernel of the canonical projection G(Z,) — G(Z/p™). Then we can define the
cover S™ as the cover classifying Kj,(m)-level structures over S. More precisely, we have

S™R) = {(P,nm)|P € S(R),nm : A/p™ = a plp™] = Tp(a p)/p™ sending (sq) to (taet)}-

Similarly, we also have an étale covering RZgg "™ as the cover classifying K,(m) level structures
over RZ;7.
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For g € G(Qy), we define e(g) to be the minimal non-negative integer such that gA C pe@A.
For m > e(g), we can consider the correspondence given by

Rzgg,m [9] RZrGig’gile(m)g

(7.1.4) / \

RZ:* RZ¢?,

where the map [g] : RZg — RZglKF(m)g is defined as in [Kim18| §7.4], and ¢y, ¢y are the natural
projection maps induced by change of level. Similarly, we also have a correspondence over S
supported on &™. This gives us a cohomological correspondence if we let usm : c;Q; — c%@l =
c5Q; be the identity.

Note that we can !-pushforward this correspondence along the proper map 8™ — S x S.
We could also have !-pushforward the previous construction along C - S x §, for C =
h(1k,gK,)- It is clear from the construction that the resulting correspondences on S x S are the
same, hence the induced maps on cohomology groups of on the rigid-analytic generic fiber are
the same. We have a similar result for RZgg X RZgg. Thus, the induced maps on the cohomology
groups of S or RZ?;g are the same.

7.2. Comparison with special fibre. Firstly, note that we have isomorphisms between the
cohomology of the special fibre and the rigid-analytic generic fibre of S and RZq. [Ber96, 3.6
implies that we have isomorphisms

HZ(S, Qi) ~ H(S%, Qu),

since S is formally smooth.
Moreover, we also know from [HK19] that we have an isomorphism

(7.2.1) RT.(RZPE, Qi(—d))[~2d])” =~ RT.(RZ4, Q).
Recall here that the compactly supported cohomology RFC(RZgg) is defined as

h_H} RFC(U7 Ql)
U
where U C RZgg are quasi-compact open subsets.

Under the isomorphisms above, *-pullback on the generic and special fibres are closely re-
lated. Observe that uc is the specialization of ug, (c.f and similarly urz ¢ is the dual of
the specialization of uryzc, since specialization clearly commutes with *-pullback. Now, since
specialization commutes with pushforward (c.f. [FarOIl Prop 6.3.3]), the isomorphisms above
are equivariant for the action of uc (resp. urzc) on the left, and uc (resp. urz,c) on the right.

7.3. Parabolic reduction. Now, we define the formal alternating sum of cohomology groups
H2(RZgP) = Z(—l)iHé(RZZg, Q)
i
in the Grothedieck group of representations of H(G) x J,(Q,) x Wg.
It Z C RZE?d is a closed subscheme, we let RZ;(Z) denote the formal scheme given as the
completion of RZq along Z.
We now want to show the following;:
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Theorem 7.3.1. In the Grothedieck group of representations of H(G) x Jy(Qp) X Wg, we have
the equality
HE(RZ(G,b, 1)) = Y HI(RZ(M, b, u)"™%),
wel
where
I={y :p is a dominant cocharacter of M conjugate to u in G, with [b] € B(M, u')},

and on the right-hand side H(G) acts via twisted Satake S;.

Proof. This result, without the action of the Hecke algebra, follows from [Man08, Thm 9.3]. We
describe how to adapt the proof of that result to get the action of cohomological correspondences.
For notational simplicity, we define

RZy = [[ RZ(M,b, 1),
wel

We can form the following commutative diagram:

rig rig,m rig
RZy —— p@nc@)/mpm R0 — RZyj

| I I

7.3.2 T m,ri ri

(7:32) RZp? «—— lpw,n\c,)/ 5, m RZp ™ — RZp?
5 | |

RZ[Y < RZL"™ RZ.Y.

Observe that the bottom two squares in the diagram are Cartesian.

We have the inclusion map © : RZj; — RZp, and the projection map = : RZp — RZj)s given
by taking the direct sum of the filtrands, which satisfy 20 © = Idryz,,. Moreover, the arguments
in [Man08|, §7.3,7.4] show that = induces an isomorphism

RU.(RZW, Q) ~ RT(RZY9 E1(Q))) = RT(RZY9, Q(d"))[2d).
where d’ = dim RZ?Q —RZR?’ , and moreover from [Man08, Prop 7.8] we also have an isomorphism
RU.(RZO™ Q) =~ RU(RZS™ Qu(d))[2d).

The isomorphisms are compatible with the change in level, and the action of p € P(Q,), hence
we have a commutative diagram

RL(RZ), 2(Q)) 2“3 Rr.(RZ1,2/(Q)

l l

RT(RZ}7, Q) —2— RU(RZ)7, Q)

Observe that the induced Hecke action on RZj; of H(M) given by the twisted Satake map
Sl\%(le!]Kp ) : . .

We now want to compare RI'<(RZ3Y, Q) and RT(RZ;Y,Q;). Firstly, let X denote the formal
scheme given as the image of RZp in RZ¢, as constructed in [Man08, Thm 9.2]. We may consider
the cohomological correspondence on the rigid-analytic generic fiber X’ of X, give by !-pullback
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via the following commutative diagram

Xt p_t Ly

bk |

RZM9 L T(f) — RZS.

Here, we define D = X x; ¢ T(f), so the left square is Cartesian. We have a map ¢’ on the top

row because by construction the map D — T'(f) LN RZTGig factors through X.
Compatibility with !-pullback induces the following commutative diagram

RT.(X, @) 202 RO (A9, (@)

l l

RT(RZ9, Q) —2— RT(RZ3, Qy),

and we know that the vertical maps are isomorphisms, since RZZ?d = xred,

Now, recall that we may compute the compactly supported cohomology of RZ’;Q , X by using
Cech covers, as follows. Let Z C RZ’C’?d = X" be a union of irreducible components such that
RZZ?d = Ute s, (@,)tZ- Let X(Z) be the completion of X along Z, and Z C X be the generic fiber
of X(Z), which is an open subspace satisfying the condition X" = U, Jy(Q,)tZ. Associated to
this Cech covering we have a spectral sequence of Wg-representations

EP= P HUZy,.., Q)= H(X,Q)
t1,..tp€JL(Qp)
where Zy, 4, = Nt; 2, and ;2 # t;Z for i # j.

Now, we describe the Hecke action. Let f = 1x,4x, € H(G). As discussed above, we have
an associated cohomological correspondence, on RZ’éed which we denote by uy, and which we
I-pullback to a cohomological correspondence on X, given by j'(uy). Let Z' := #/(s'~1(Z)), which
is also a union of irreducible components in RZ7¢%, and its Jp(Qp)-orbit covers RZTGEd. We can
repeat the above constructions with Z’ in place of Z, and denote the associated objects by Z..

Consider the open inclusion ¢ : Zy, ¢ — X. We can define a commutative diagram

s’ t’ /
Ztl,...,tp ¢ gtl,...,tp Zth...,tp

ool

s t/
X « E >X7

where &, .1, = Z4 X g 7€, so the left square is Cartesian. Then, !-pullback of the correspon-

v 7"'7t1)
dence 7'j'(uy) gives a cohomological correspondence from RTc(Zy,, 4, Q) to RU(Z], 4, Q).
Since the Hecke correspondences are J;(Qp)-equivariant, and compatibility with !-pullback of

cohomological correspondences tells us that we have a commutative diagram
b + i
E}f 1= @tl,...,tpEJb(@p) Hg(zth...,tp? Ql) = Hcp q(RZrClr'g’ Ql)

lz! (ug) Pf

E}f#} = @tl,n.,tpEJb(@p) Hg(Zél,..A,tp) Ql) = Hg—i_q(RZrCl?g’ Ql)
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We may consider a similar construction for RZp. In particular, consider the map h : RZp —
X. Then we have a covering of RZ7 given by Utes,(@,)t h=Y(Z). If we let Y be h™1(Z), and
define YV,, ), similarly to above, we also have a cohomological correspondence from Vit tO
yghm,tp, and a spectral sequence relating this to the cohomological correspondence uy p.

We will now compare the cohomology groups Hé(Zy, .. 1,,Q;) and H(Vy,...v,, Q). Firstly,
we may assume, by passing to a refinement of the open covering, that over Z the Tate-module
of the universal p-divisible group 7,(4“"") can be trivialized. Then, by construction £ is the
disjoint union of open and closed subschemes &;, each of which is isomorphic to Z. Observe then
that for each ¢ we may consider the cohomological correspondence uy; given by

(7.3.3) z& gl 2

where t’ is the map given by &; ﬂ El = Z'. up,;: 8*Qp — t"Qy is the identity. Observe that
i'j'(u #) = >, ufi, where on the right hand side we pushforward the correspondence from &; to
£ via the inclusion map. In particular, since the cohomological correspondence decomposes, it
suffices to consider each cohomological correspondence separately.

Recall from Proposition that we have locally closed stratifications {Z,} on Z, such that
restricted to each strata the universal p-divisible group over Z, admits a filtration {¥4,} and
the universal quasi-isogeny 3 : ¥ — ¥ preserves the filtration. This induces a locally closed
stratification {24} on Z. Similarly we also have a locally closed filtration {23} on Z’. Consider
the fiber product &; x z Z,. By construction we have a filtration on the p torsion, so we may view
EixzZy C RZ}?’”Q . Moreover, by the Iwasawa decomposition we may assume that the element
g € P(Qp). Hence, [g] preserves the filtration, and thus the image ¢'(&; xz Z,) also carries a
filtration on the universal p-divisible group. If we look at the specialization sp(t'(&; Xz Z4)),
this is a connected subscheme of Z’ and we also have a filtration on the universal p-divisible
group, hence by the construction of the stratification it is contained in some strata Zé. Thus
t/(gi Xz Za) C Zé

Moreover, we see that by the same argument that s(t‘l(Z}j)) intersects Z,, and hence must
lie entirely in Z,, by the construction of the locally closed filtration. Thus we have commutative
diagram with both squares Cartesian

Zo +— &; XZZO[*)Zé

I

Z < 52 Z/

Thus, we can apply to see that the cohomological correspondence uy is compatible with
excision, which implies that the maps between virtual representations

L] u L]
HC (Ztlwwtp’ Ql) —f> HC (Zgl,...,tp’ Ql)’

and

[0}

. 2alfa .
Z H; (Ztl,-~~7tp,0“ Ql) - Z H; (Zzil,...,tp,a” Ql)
a/

are equal.



EICHLER-SHIMURA RELATIONS FOR SHIMURA VARIETIES OF HODGE TYPE 41

We have a similar locally closed stratification on ), given by Y, = h~(Z,), and since h
restricted to YV, — Z, is an isomorphism, we have the equality

STHNZ0 by Q) =D H Vit Q)

and thus the map uy is equal to that for H2 (Y, .¢,)- O

Remark 7.3.4. This result would follow by taking K,-invariants from the Harris-Viehmann Con-
jecture.

7.3.5. We are interested in the irreducible components of RZrC‘T?d. This is in fact the degree
2(d — r)th part of cohomology of RZ]gg , for the following reason. Let Y be the union of some
irreducible components. Since Y is proper, we know from [Ber96, Prop 3.6] that the degree
2r-étale cohomology of RZIS4(Y), where 7 is the dimension of RZ$%, or by duality the 2(d —
r)-th compactly supported cohomology Hgd_QT(RZZQ (Y),Q;)" corresponds to the irreducible
components of Y. This also holds for an infinite union, since we have that

RTe(RZE, Qi(—d))[-2d])" ~ Rl¢y, (RZgF, Qi) ~ RT(RZEY, Q) ~ lim RT(Z, Q1),
Z

where we take Z as the union of some irreducible components of Rngd. The first and second
equality follow from [HK19) 1.4.7,1.2.13]. Thus we also see that the cohomology classes in degree
2(d — r) correspond to irreducible components of RZrCi?d. For any irreducible component X of
RZ%4, we let ¢(X) be the cohomology class it corresponds to in H, fd*Q’”(RZgg, Q).

Note that we can recover the representation Hc2 (n=) (RZ™,Q;) from the alternating sum
H?(RZ™) by the action of W, since we have

H(RZg, Qi) = lim H(U, Q1)
U

where U C RZTGed are quasi-compact open subsets. In particular, we know that U are open
subsets of dimension r, defined over a finite field k, and thus the top-dimensional compactly
supported cohomology H2" (U, Q) can be recovered from the alternating sum >_,(—1)*H:(U, Q)
using Frobenius weights, since the degree 2r-th compactly supported cohomology of U is the
only part with Frobenius weight r. Thus, we see that by passing to the limit, we can also recover
the degree 2r-th cohomology of RZ7¢?, which is the only part with Frobenius weight 7.

The above theorem shows us that as elements in the Grothendieck group, we have an equality

HZM(RZ(G, b, 1)) = @D HZ™ (RZ(M, b, 1))
wel
It turns out that this result is true even without needing to pass to the image in the Grothedieck
group, as the following theorem shows.

Theorem 7.3.6. We have an equality of H(G)-representations
HE(RZ(G,b, 1)) = () HZ (RZ(M. b, ')"*?),
wel
and on the right-hand side H(G) acts via twisted Satake S$.

Proof. Firstly, we observe that by considering the long exact sequence associated to an analytic
space X and an open subspace U, there is an isomorphism induced by the locally closed map
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j:RZE — xvig,
i B2 (RZES Q) S H2 (A9, Q).
Note that the j'Q; = Q; since 5™ is a map between smooth analytic spaces of relative dimension
0. It is clear from the proof of the previous result that this isomorphism is equivariant with
respect to the Hecke action.
We can consider !-pullback of cohomological correspondences from RZp to RZjs, which, as
before, gives us a commutative diagram where the vertical arrows are isomorphisms

- v, 0 Z e Rz, @)

l l

HCQdM—Zr/ (RZ?\f]g, Q) Ya I{?dM—Qr’(RZT]‘\ZSJ7 Q).

Since we know that the cohomological correspondences j'(u,) and ='(u,) are equal, the theorem
follows. O

7.4. Irreducible components of p — Isog ® k.

7.4.1. Suppose that C is a [b]-dense irreducible component, i.e. it is of the form 7o (X1, Z, X2),
for some Xi, X5 irreducible components of RZE?d. Then we observe that for any irreducible
component X{ such that X; N X| # (0 we can further consider the following commutative
diagram

RZa(X)) 2 — ¢ — RZg(Xy)

\Lﬂ'oo J/f’ \Lﬂ'oo
RZg +— © —Y 4 RZ¢,

Recall here that we defined ® in . Here, X, is the H-orbit of the irreducible component
Xy, where H is the hyperspecial subgroup of .J,(Q))-stabilizing X|. Note that this is a finite
set. Moreover, we define € :=® xy . RZg(X]). Observe that the map ¢’ o f’ factors through
RZG(XQ), and by definition the left square is Cartesian. We can consider the !-pullback on the
generic fiber f"(up) to a cohomological correspondence from RT.(RZ(X})") to RT.(RZ(X})"#).
By we have a commutative diagram

RU.(RZa (X)) 72 RE(RZe (X2)7)

(7.4.2) l l

RT.(RZp#) —2 RT.(RZ®),

and we consider the induced map on 2(d — r)-degree compactly supported cohomology, which is
just given by the inclusion map on irreducible components.

7.4.3. In particular, we see that we can determine the irreducible components of p—Isog®x from
the action of the cohomological correspondence on the cohomology RFC(RZgg), in the following
way. Suppose we know that a [b]-dense irreducible component C'is of the form 7o (X1 XY x X2),
where we know the irreducible component X, but not X». Applying the correspondence f* (ue))
to the cohomological class ¢(X7) for some X| N X; # (), commutativity of the diagram

tells us we will get >, bjc(h; X2), where h; € H, for some b; € Z. Note that J,(Q,)-equivariance
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implies that all the b; are equal. As long as not all b; are zero, we can recover C' as the image
of X1 xY x h; Xy, since J,(Qp)-equivariance of 7, implies that
Too(X1 X Y X hiX2) = oo (hy 1 X1 X B 1Y X Xo) = 7o (X1 X YV % Xa).

Definition 7.4.4. Let ([b],v) be such that [b] € B(G,v), and M is a Levi subgroup containing
M. ([b],v) is said to be Hodge-Newton decomposable for M if ks ([b]) = vt € m (M)r.

Proposition 7.4.5. If either

e The pair ([b],v) is Hodge Newton decomposable for My, or
e The Shimura variety is a Hilbert-Blumenthal moduli scheme and p is inert

then the integers b; cannot all be non-zero.

Proof. By the definition of f*(up), we have a commutative diagram

RT.(RZa(X1)79, Q) -2 RU(RZa(X2)9, Q)

l |

RT.(S, Q) i RT.(S,Q),

thus, to show that the map on the top is non-zero, it suffices to show that up restricted to the
image of RI'.(RZ(X})",Q;) is non-zero. We can specialize the correspondence in the bottom
row to the special fiber, observing that

RFC(ylle) = RFC(87QZ)7

since S is a smooth formal scheme, and the image of c(X1) in RT(+, Q) is simply the image
[Y{] € H24=%"(.7,) under the cycle class map on .7, where Y] = 7o (X] x {id})). Moreover, by
definition, the cohomological correspondence up takes [Y{] to (the image under the cycle class
map) of pa.(pi([Y{]) - [D]), where py, p2 are the projection maps from .7 x .%,; to .#;. To show
that this is non-zero, it suffices to show that p3([Y{]) - [D] is non-zero.

In the situation where [b] is Hodge-Newton decomposable for My, recall that we have an
isomorphism of special fibers

(7.4.6) RZ(G, b, )" =~ RZ(Mpy, b, )"

We will use this result to do the above calculation of pi([Y{])-[D] on a different Shimura variety,
one where the Rapoport-Zink space is the one associated to the basic locus.

Observe that the correspondence given by up on RZ(Mj, b, 1)"¢? via the isomorphism
may also be defined as follows. We have a correspondence

X1<—X1><X2—>X2,

where X, is the H-orbit of Xo. Here H is, as before, the hyperspecial subgroup of Jj, which
stabilizes X;. There is some large positive integer N such that for every o € X1,8 € Xo,
pN B Lo is an isogeny; this defines a universal isogeny over X; x Xs. Consider the closed formal
subscheme A of RZ(X1) x RZys(X2) over which the universal isogeny lifts. Then A = A"
is finite étale over RZ(X1)™9, RZ(X3)"™, and we have a natural cohomological correspondence
from RZ(X1)™ to RZ(X'Q)”? supported on A over the rigid analytic generic fibers. We can take
the reduction of this correspondence; it gives a correspondence on the special fiber supported
on X1 X XQ.
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Furthermore, observe that we can also pass to the adjoint group M, ﬁf, because from Section
there is an isomorphism of connected components, and thus we can consider the correspondence
on Upaa on RZ(M, [‘ﬁi, bed, padyred supported on

de — de X Xgad — Xgad.
Note that Xgad is the H_orbit of ng.

Thus, we may assume that M is adjoint. We can construct an abelian type Shimura variety
such that the Rapoport-Zink space associated to the basic locus is RZ( M/, v b, 1), as follows. Since
My is quasi-split, and p is minuscule, using the root datumn we may construct a connected
reductive group M’ over Q with a M’'(R)-conjugacy class X’ determined by p such that (M', X")
is a Shimura datumn. Since G is a subgroup of GSps,, M’ is a classical group, and hence
(M', X') is also classical, hence of type A, B,C, D. Thus, (M’, X') is an abelian type Shimura
datumn. Let (M7, X]) be some associated Hodge-type Shimura datumn. If we consider the basic
locus [b)] of the Shimura variety, this is non-empty by the main result of [Leel8], hence there
is some Rapoport-Zink space RZ(M], b}, 1)) whose adjoint data is the same as (M, [‘ﬁi, bed, o9y,
Let X}, X} be irreducible components of RZ(M{, b}, 1)) which map to X4, Xg¢ respectively
under the adjoint quotient; and consider some irreducible component D} of the moduli space of
p-power quasi isogenies p — Isog M} for Sh(M{, X7{) given as the image under the almost product
structure map of X{ x X). This is an irreducible component entirely supported in the basic
locus, and it suffices to check that the induced cohomological correspondence on the basic locus
of the Shimura variety Sh(M7j, X]) is also non-trivial.

To see that the correspondence acts non-trivially, it suffices to observe that the self-intersection
of irreducible components of the basic locus is always non-zero. We see this from the calculation
of the intersection matrix in [XZ17, §7.4.3], and the fact that the determinant is always non-
zero, hence there is always some other irreducible component X whose intersection product
X)Xy =Y, a;[Z;) is non-trivial, and p}(X}) - D}y = 3, ai[p; }(Zi) N C] which is non-zero and
supported on cycles of dimension dim(X;) and hence the projection po.(pi(X]) - D)) is also
non-zero, so up([X1]) is also non-zero.

In the case of Hilbert modular varieties, we will also show that not all b; are non-zero. We
first observe that for the Hilbert modular variety attached to a totally real field of degree g over
Q, we have [§] unramified o-conjugacy classes, as follows. For = 1,...,[§], the slope of the
Newton polygon is given by (( g)(g), ( %)(g)). The geometry of these Newton strata is described
in [TX19]. We briefly recall this construction here. For a fixed r, we let the o-conjugacy class
be [b]. There are (f) MYV cycles, and each of them corresponds to a periodic semi-meander a
with g nodes and r arcs. Each a gives a generalized Goren-Oort strata X, which is the closure
of some irreducible component of the Newton strata ./, Each X, is an iterated P!-fibration
over another quaternionic Shimura variety Sq. In particular, we observe that all X, are smooth,
and the irreducible components of the affine Deligne-Lusztig variety Xﬁ(b) are all isomorphic to
an iterated P!-bundle.

Moreover, we note that Cl% is smooth. This is because locally C”! is just an iterated P!-bundle
over X, which is smooth.

Thus, to show that the terms b; are not all zero, recall that we want to determine the inter-
section product pj(X{) - C. Here, we choose X] such that it is the image of some irreducible
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component of the Rapoport-Zink space, and X| C X,. Observe that X is smooth. The self-
intersection product X/ - X, is non-zero; in particular, it is given by (—2)*p’[Z], where Z is the
intersection of X| with the zero-section of X, (viewed as an iterated P!-bundle), from [TX19]
Theorem 4.3(2)] and its proof. Thus, by applying the excess intersection formula, we see that
the intersection pi(X,) - C is exactly (—2)%P[p;'(Z) N C]. Since p;(Z) N C is non-empty,
pa(pyH(Z) N C) is of dimension 7, hence the projection pa «([py*(Z) N C] is clearly non-zero. [

Remark 7.4.7. We conjecture that the integers b; are non-zero for general Shimura varieties of
Hodge type.

The following proposition gives examples of groups satisfying the condition in the above
proposition.

Proposition 7.4.8. Let (G,v) be such that the adjoint group G* s absolutely simple. Then
for all unramified [b] € B(G,v), the pair ([b],v) is Hodge-Newton decomposable for M.

Proof. Note that we can always check the condition for (G24, 1), since passing to the adjoint
group does not change the property of being unramified or Hodge-Newton decomposable. In
the case where G is split, shows that the only unramified element is the p-ordinary one,
and hence the Hodge-Newton decomposable condition is clearly verified. Thus, we only need to
consider the quasi-split but not split adjoint groups of type 2A4,,,2 D,,,3 Dy4. In the latter two cases,
we see that this corresponds to the group PSO(2,2n), which we know is fully Hodge-Newton
decomposable (see for instance [GHN19]), and thus clearly satisfies the condition. Finally, it
remains to check that this is true for the unitary groups U(n), and any minuscule cocharacter;
this is straightforward to verify. ([l

The main theorem of this section is the following.

Theorem 7.4.9. Let C be a [b]-dense irreducible component of p—Isog® k. There exists a map
h (depending on C)

h s H( M (Qp)/ /My (Zp), Q) — Qlp — Isog @ k]
such that for any element f € H(G(Qp)//Kp,Q), as cohomological correspondences acting on
H?*(RZ(G,b,v)"*?), we have
(7.4.10) UC.n(f) = UB(Sﬁ(f))’
where S]\(;Y[ is the twisted Satake homomorphism. Moreover, for any fi, fo € H(G(Qp)//K,, Q),
we have

UC-h(f1-f2) = YR(SS (f1-f2))
If in addition we also assume that the Shimura datumn satisfies the same assumptions in
Proposition m then we have an equality in Q[p — Isog ® kY]]

(7.4.11) C-h(f) = h(SF(f))-
and moreover if we let zy, = ba(b)--- o™ L(b), then
pnmrﬁ(lzmM(Zp)) = (C - Frob™)

where r = dim RZ’"GefZ, and m be the smallest positive integer such that o™ (b) =b



46 SI YING LEE

Remark 7.4.12. When b is p-ordinary, and C' is the formal sum of the irreducible components
of the identity section, this construction recovers the map h constructed in (6.1.12)).

Proof. We first show how to construct the map h. Let C be any [b]-dense irreducible component
of p — Isog ® K, given by 7o (X1 X Z X Xg). Consider any f € H(G), and consider the product
C x h(f) € Qp — Isog ® k]. We can write

Cxh(f)=>_ aCi

where C; will be a [b]-dense irreducible component of p — Isog ® k of the form 7o (X1 X Z X Y;),
for some Y; irreducible component of RZTGed. We may consider the associated cohomological
correspondences, and observe that

UC.h(f) = Un(f) © UC

since the !-pullback of composition of cohomological correspondences is the composition of the
I-pullbacks. We now construct h. Consider the class ¢(X2) € H2"?"(RZg?, Q). Observe that
its image lies in H2"' =2 (RZ(M, b, 1//)",Q;) for some ' € I,,. For any f' € H(M), let

> aje(W;)
J
be the image of ¢(X») under the action of f' on H2"'~2"(RZ(M,b, /)", Q;). Then we let

h(f') = ijﬁoo(Xl x Z x Wj),
J
where the factor b; is such that if D = 71o(X; x Z x W), then up(c(X1)) = Z—; > nem c(RW;).
It is clear from the construction that
UC-h(f) = Un(SE(f))
and

UC-h(f1-f2) = YR(S§,(f1-f2))"
We now compare the action with frobenius. We first show the following lemma. Let C' =
h(1,,,0.), where we note that 2, € J,(Q,) is central.

Lemma 7.4.13. We have the following equality of underlying closed subschemes:
C - Frob™ = '

Proof. We now consider any pair (z, f) which lies in C' ] such that f is a p-quasi-isogeny between
x and y for some y € ;. Then the image of (z, f) under multiplication by Frob™ is the pair
(z, f1), where f; is the composition

G — Gy — Gy,

where h = byo(by)...o"™1(b,).

By definition of C’, observe that 1, takes the irreducible component Xj to the irreducible
component Z' := 2z, X», since zy,, is central. In particular, b’ := z,,b, lies in Z’.

Thus, we need to show that h lies in Z’. We first show that h, h’ lie in the same connected
component of X,(b). Let b, = g~'bo(g), for some g € X, (b). Thus, we see that we need to
show that g, 0" (g) lie in the same connected component. By Theorem we are reduced to
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showing that o™ (cp.) = Cp v, since Rp(0™™(m)) = o™ (R (m)). By the construction of z,,
we see that ¢, = Rar(2m), and since we could have chosen b = w(v)(p), 2z, is clearly invariant
under g™

By , we see that to show h,h’ are in the same irreducible component, we are reduced
to showing that h.q, h;d lie in the same irreducible component of XUGaCl (by,aa)- Hence, we may
assume G is adjoint, so that Zg is trivial.

Let b € Uxerq(o— 1)X*(T)MV (A) be such that g € XP(b). We replace b with p™, where 7, is
as defined in (£4.7). Let ¢’ be such that ¢'"'p™a(g') = by. Then we also have g’ € XP(p™).
Observe that since 1, is dominant, we must have

7—b_|_..._|_0nm—1(7_b) :B‘F"‘—i—Unm_l(B),

since 7, = B3, and both 7, and 3 are fixed by ¢™™. Thus, we see that to show h, R’ lie in the
same irreducible component of X, (b,), we are reduced to showing that ¢’,c"™(g’) lie in the
same irreducible component of XP(p™). This follows from Proposition |4.4.12 O

The last part of Property (3) follows by simply observing that since r = dim RZTed the
Frobenius is a map of degree p™”, which exactly accounts for the factors. ]

8. PROOF OF MAIN THEOREM

In this section, we give the proof of Theorem [I.3] The key idea is to give, for each unramified
[b] € B(G,v), a factor Hp(x) of the Hecke polynomlal which kills the irreducible components
of p — Isog ® k which are [b]-dense.

8.1. Constructing Hp,. Our first observation is that the factors of Hg x are closely related to
unramified elements in B(G,v). In particular, we observe that the unramified elements p” are
exactly the elements which are o-conjugate to p* for some A € Q(@p)v.

Hence, for an unramified o-conjugacy class [b]=[p”] which we fix for the rest of the section,
consider the set

MV(r)={r e Q(@p)v AeETH (60— 1)X(T)}.

We let m be the smallest positive integer such that ¢™™ fixes every element in this set. Choose
A in MV(7) such that 0™()\) # A for any i < m.

Moreover, since T is o-conjugate to ), it is also o-conjugate to 3 := o ~1()\) which is a Weyl
conjugate of u~!. We also observe that ¢™(3) # 3 for any i < m.

Let Z be the galois orbit of Q(@p) p~! containing 3. We assume that 3 is dominant, otherwise
we replace S with conjugate in Q(Q),), which has the same properties. Then applying Proposition
we see that Hg x () has a factor of the form

(8.1.1) Hpy () i= o™ — pmlon=B)

where 3 = > o(B). However, we only know that this factorization holds over the larger Hecke
algebra H(Mj5(Qp)//Mjp ), and so a priori, we do not have a factorization in Q[p — Isog ® x].
However, we can consider the product of all the Weyl conjugates of H[’b} (z), which we will
denote by Hpj(z). Hpyj(z) is defined in H(G)(z). For notational simplicity, we let M := Mj
be the standard Levi subgroup centralizing the cocharacter B. M also centralizes the Newton
cocharacter v([b]).
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Proposition 8.1.2. Let C be a geometric irreducible component of p—Isog®k which is [b]-dense.
Then we have

Proof. Since S$;(H 1)) factorizes in H(M)(z), and has a factor H ['b], from the compatibility with
S$; in Theorem we see that Hpj(Frob) - C has a factor H [’b] (Frob) - C, and we know that
H['b} (Frob) - C' =0, also from theorem O

8.2. Key vanishing result. Recall now that for any C' € Q[p — Isog ® k], we can write

c= Y v

[b] unramified

=[b

We define the map res=" (resp. res™!) as the map which takes C to > ][t Ol (resp.

Z[b’]>[b] C [b/}). Using the previous results, we can now show the following theorem.

Theorem 8.2.1. For any unramified [b] € B(G,v), let Hg[;)}(:v) be the polynomial with coeffi-
cients in Q[p — Isog ® x| given as the image of He x(x) under res™l o h. Then
HE" (Frob) = 0,

where Frob is the Frobenius section of p — Isog ® k.
Proof. We show this by induction on [b], under the reverse of the partial order in B(G,v). We
already know this holds on the p-ordinary locus, so suppose that for all [o/] = [b], the analogous
result is true. Then this implies that H g [?} (Frob) = 0, where H, g [?}(Frob) is res” " (Hg x (Frob)).

We know that H, g[ﬁ (Frob) admits a factorisation

HE (Frob) = Hy(Frob) P(Frob)

for some polynomial P(Frob). Consider the difference
HZ (Frob) — HE 1 (Frob) = Hy(Frob) P(Frob) — Hpy(Frob) P’ (Frob)

where P’(Frob) is res”™"/(P(Frob)). (The left hand side is the term Hg, x (Frob)!” as defined in
the introduction). Then P(Frob) — P’(Frob) € Q[p — Isog ® x| must be [b]-dense, by definition.
Hence, we have

HES (Frob) — H;% (Frob) = Hpy(Frob) - C,

for some [b]-dense C. Applying Proposition [8.1.2| above, we can conclude that Hg@(Frob) -
Hg[g}(Frob) = 0, and hence

HEY (Frob) = 0.

O

Theorem clearly implies Theorem since we have the vanishing result for all unram-
ified [b] in B(G,v).

8.3. Passage to cohomology. We record here the method to get from the congruence relation
on the level of algebraic cycles (Theorem to the congruence relation on étale cohomology
(Theorem [1.2)).
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We first note that by the main result of [MP19], there exists a smooth projective toroidal
compactification of .k (G, X), and hence by proper base change there is a canonical Galg-
equivariant isomorphism

(8.3.1) H. (Shg (G, X) 5, Q) — H. (LK (G, X))z, Q).

Moreover, the action of H(G(Q,)//Kp, Q) on the left naturally extends to an action on the right.
Given any algebraic cycle C' in Q[p — Isog ® k], we see that the image of C' under the map

p—Isog @ k -5 (G, X)w x Tk (G, X))

defines a correspondence on Yk (G, X),, with an induced action on cohomology. Since the
congruence relation holds in Q[p —Isog® k], it also holds in the ring of algebraic correspondences
Corr(Sx (G, X )y, Yk (G,X),). We thus have the relation on H (x (G, X)z, @), and thus,
via the isomorphism above, the congruence relation on H gt(ShK(G, X) g, Q). This in fact holds
with Q; replaced by any étale sheaf V over . (G, X), since we have a similar isomorphism as in
with @ replaced with V, see [LSI8, Thm. 6.7]. A similar argument holds for compactly
supported cohomology Hgt’C(ShK(G, X)g V).

In the case of intersection cohomology of the Baily-Borel compactification, we know, also
from [MP19], that there is a projective normal model .7%%(G, X) over O E,(v) Of the Baily-Borel
compactification of Shx (G, X). Moreover, here we can apply [LS18 Thm. 6.7] as well, and we
have an isomorphism of étale intersection cohomology groups

IH' (X5, Q) = IH' (X5, Q).
The same result also holds if we replace the intersection complex of Shx (G, X) with the sheaf
(j1«(V[n]))[~n], where j : Shx(G, X) — ShEP(G, X), n = dim Shx (G, X), and V is an auto-
morphic A-adic sheaf.

Since .k (G, X), is open and dense in .#2(G, X),, we are reduced to showing that the
congruence relation in Corr(x (G, X ), Sk (G, X),) implies, after taking closure of algebraic
cycles, the congruence relation in Corr(2%(G, X),, S2(G, X),). To see this, let C C
Shi (G, X) x Shg (G, X) be an algebraic correspondence corresponding to the action of some
double coset 1x, gk, € H(G(Qp)//Kp,Q), and € the closure of C in 2™ (G, X)) x /2 (G, X).
The boundary components .Z2'" (G, X)\7k (G, X) consists of (flat integral models of) Hermit-
ian symmetric domains, and over F, the induced left action of ¢ € G(Af) on the boundary
gives a finite correspondence on the boundary. Thus, if we let ¢’ be the restriction of € to
Ik (G, X) x Sk (G, X), we observe that €\%” is of dimension strictly less than dim .k (G, X),
since this is true over the generic fiber. Hence, we see that %, is dense in é,;. Thus, taking closure
allows us to conclude that we have the congruence relation in Corr(.Y2(G, X ), S2(G, X)),
as desired.

APPENDIX A. COHOMOLOGICAL CORRESPONDENCES

A.1. Let X be a rigid analytic space over E, or a scheme over k. We denote by DQ(X, Q) the
bounded constructible derived category of [-adic sheaves over X.
We recall the formalism of cohomological correspondences:

Definition A.1.1. Let (X;, F;) for i = 1,2 be two pairs, where X; are either both rigid analytic
spaces over F, or both schemes over k, and F; € DIC’(XZ-, Q). A cohomological correspondence
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(Cyu) : (X1,F1) — (X2, F2) is a rigid analytic space over E (resp. scheme over k) C equipped
with morphisms ¢; : C' — X1, and ¢ : C' — Xo, and a morphism in D2(C, Q)

uc = ¢(F) = cy(F).
A.1.2. -pullback. Given the commutative diagram

X1<;C*>X2

ifl if ifQ
» Yz

where the left square is cartesian, we can define the !-pullback of cohomological correspondences
from D to C, where the induced map is

f( ) f1f1—>f' *F1—>f02F2—d2f2f2

The base change map BC*' is obtained via adjunction from the base change isomorphism fieoy ~
di,f*, as defined in [XZ17, A.2].

Proposition A.1.3. Suppose the left square is Cartesian. Then the following diagram is com-
mutative:

H(f'(u
H: (20, f1F) ) b (2, 1)

| |

where the vertical maps are the pushforward maps associated to f1, fo.
Proof. This result follows from the functoriality of the map BC* for cartesian diagrams. g
A.1.4. x-pullback. Similarly, given the commutative diagram

X3 A c =, Xs

lf 1 lf lf 2
Y » Yo

where the right square is cartesian, we can define the x-pullback of cohomological correspon-
dences from D to C, where the induced map is

) difi R = e E T b P dy i

Proposition A.1.5. Suppose the both squares are Cartesian, and the vertical maps fi1, fo are
proper. Then the following diagram is commutative:

" o H(f (W) 77y
Hc(Zlvfl ) H(ZQJfQ )

I I

H (S F) = HY (S, F)
where the vertical maps are the pullback maps associated to f1, fo.

Proof. This result follows from the functoriality of the map BC* for cartesian diagrams. 0
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A.1.6. !-pushforward. Given a commutative diagram

X1<;C*>X2

lfl lf | 1;02

where either the map d; or f is proper, we can define the !-pushforward of the cohomological

correspondence from C' to D as

Si(uw) = 5 fraF1 — f'd*]:l I fdyFa — ¢ farFo

where the last map is induced by adjunction. Note that if Y7, D, Y5 are points, then the map
fi(u) is simply the map from H.(X7,F1) to H.(Xs, F2) associated to u.

A.1.7. Specialization of correspondences. Suppose we have a correspondence of formal schemes
xE ey

where ¢y is proper, and a correspondence uc : ¢j , F1 — 0!2 »/2 supported on the rigid analytic
generic fibres
Cl,n 2,m
X+—C—=—=).

We can define the specialization of u¢ to a correspondence uc on the reduced special fibres

X

1,s C2 s

& o2y y,
as follows.
RY
uo : ¢ JRUF; — ROe,, Fi Y, Rabcly, Fy — ch ,ROF;
where the first map comes from the construction of the nearby cycles functor in [Ber96], and
the last is the adjoint map to the isomorphism RWcy 4« F2 ~ 2,5+ W Fo.
Finally, the following proposition follows from Proposition [A.1.3|and [A.1.5] We denote by
HY (X, Q) =) (-1)'HIX,Q),

i

the alternating sum of cohomology groups.

Proposition A.1.8. Let U be an open subset of X, and Z = X — U, with j : U — X and
i:Z — X the inclusion maps. Suppose we have a commutative diagram, where all squares are
Cartesian

H— Q«+—0
N—><<+—C

-
l

then the isomorphism

H(X, Q) ~ HZ(U, Q) + HZ(Z, Q)
18 equivariant for the action of the cohomological correspondence u, where the action on the right
is given by j'(u) 4 i*(u).
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APPENDIX B. MULTIPLICATION ON p — Isog ® k

For notational simplicity, for the entirety of this appendix we will denote p — Isog ® k by
p — Isog. We have the map

c:p—Isog X & p—Isog — p— Isog

given by composition. More precisely, given an R-point of p — Isog X & p — Isog given as a pair
((y, f: Ay = A.), (2,9 : Ay = Ay)), where z,y € (R) and f, g are quasi-isogenies, its image
under c is the point given by (z, f o g). The map c is proper.

We also have two proper maps s,t (“source” and “target” respectively)

s,t:p—Isog — 7.
Thus, we have the refined Gysin map i' : Ag,(p—Isog x . p—Isog) — A, (p—Isog x & p — Isog)

induced by the Cartesian square

p—1Isog X o p—Isog —— & X, & Xy S

l I

p — Isog xnp—Isogsth Xp L XS X L.

(Here, the map ¢ is the diagonal embedding on the second component of . x . x .#.)
Given C, D dimension n irreducible components of p — Isog ® k, we define C' - D to be

C-D =c.(i'(C x, D)).

Note that if C X & D is of dimension n, and the map C x o D — C X, D is a closed regular
embedding, then i'(C' x, D) = [C x.& D]. For example, if D is a section of the map s (for
example, D is Frob, the Frobenius section), then since C' x o D ~ C'is irreducible of dimension
n, and a closed regular embedding, i'(C x, D) = [C' x.& D].

If we view C, D as algebraic correspondences in . x, . through the pushforward via the
map

sxt:p—Isog — % X, .7,
then compatibility of the refined Gysin maps with proper pushforward together with the follow-
ing commutative square

p — Isog X o p — Isog —5— p — Isog
(th)Xy(th)l i(sxt)
(I X L) X7 (S X L) —5 S XS
tells us that
(s X1)(C-D) = (s xt)(C)- (s xt)(D),
where the product of correspondences is the one defined in [BGQ, Appendix A].
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