SEMISIMPLICITY OF ETALE COHOMOLOGY OF CERTAIN SHIMURA
VARIETIES

SI YING LEE

ABSTRACT. Building on work of Fayad and Nekovar, we show that a certain part of the etale
cohomology of some abelian-type Shimura varieties is semisimple, assuming the associated au-
tomorphic Galois representations exists, and satisfies some good properties. The proof combines
an abstract semisimplicity criterion of Fayad-Nekovar with generalized Eichler-Shimura relations
for abelian type Shimura varieties and partial Frobenii.

1. INTRODUCTION
Let G be a reductive group over QQ, and X be a conjugacy class of homomorphisms
h: ResC/RGm — Gr
such that (G, X) is a Shimura datum. Given a compact open subgroup K C G(Ay), we can
form the associated Shimura variety
Shic(G, X)(€) = GQ\X x G(Af)/K,

which is a complex manifold for K small enough, and has a canonical model over E, for some
number field FE.
Consider a representation valued in complex vector spaces

§:Gc — GL(Vg)
such that £(Z(Q) N K) = 1, where Z is the center of G. This gives rise to a locally constant
sheaf of complex vector spaces
Le = GQ\Ve x X x G(Af)/K.
Suppose now that G4 is anisotropic, so that the Shimura variety Shx (G, X) is compact. We

now consider the complex analytic cohomology of the tower of the Shimura variety, i.e.

H'(Sh(G, X)™, L¢) := lim H'(Shx (G, X)™, Le).
K

Choose h € X, and let K be the stabilizer of h in G(R). By Matsushima’s formula, we have
a decomposition of H'(Sh(G, X)™, L¢) in terms of Lie algebra cohomology

H'(Sh(G, X)™" Le) = D m(m)H' (9, Koo Mo @ €) @ (1),
T=T o0 QT
where 7 runs through unitary automorphic representations of G(A), and m() is the multiplicity
of m appearing in L?(G(Q)\G(A),w), the space of measurable functions on G(Q)\G(A) which
are square-integrable modulo center, where w is the central character of w. Recall that 7w is
cohomological in degree i for & (i.e. H(g, Koo; Too ® &) # 0) if and only if the central character
we of & satisfies we|z(r) = w;;.
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Fix a prime [, and an isomorphism ¢ : Q; = C. The representation ¢ gives rise to an l-adic
automorphic sheaf, in the following way. ¢ gives rise to a representation valued in Q;-vector
spaces

& Gg, = GL(Vey),

and similarly gives rise to a sheaf
Lei=GQ)\Vey x X x G(Ay)/K
If we consider the étale cohomology of the tower

HE(Sh(G, X)g Leg) = lim H (Shi (G, X)g, Le 1),
K

then we have an isomorphism
Hy(Sh(G, X)g, Lea) = H'(Sh(G, X)™, L) 2, Qu,
which is G(A f)-equivariant, and thus we have a decomposition

HE(Sh(G, X)g, Ley) = @vz ) @ (1),

where V(1) = Homga ) (7™, H,(Sh(G, X)g: Lei))- We define the Galois representation
p:Gal(E/E) = Vi{(rx™).
The global Langlands correspondence conjectures that to the automorphic representation
we have an associated semisimple Galois representation Gal(E/E) — G, and we denote the
composition
p:Gal(E/E) — Lg = — GL(V,),
where p is the minuscule cocharacter associated to the Shimura datumn.

When the group G is of the form Res F/QG’ for some connected reductive group G’, and F'is a
totally real field of degree d, the conjectures then imply that we have a decomposition (perhaps
after passing to a finite extension E’ of E) of p as

p= ® Po-
v|oo
Moreover, p, should have the following form. Observe that over C, we have a decomposition
RCSF/QG/ >~ H G/,
v|oo

and the cocharacter p also decomposes as [, jty. Then we should obtain p, as the composition

o1 Gal(E'/E) 25 LG =2 GL(V,,,),

where here we view 7 as an automorphic representation of G’ over F.
The main theorem of this paper is the following:

Theorem 1.0.1. Let (G, X) be a Shimura datumn of abelian type such that G = Resp,oG’ for
some connected reductive group G, and totally real number field F'. Let m be an automorphic
representation of G(Agf) = G'(Ary). For all v, suppose that the LG-valued Galois represen-
tation associated to w exists, and we consider for all v the composition with the highest weight
representation py, : Gal(F/F) — £G" — GL(V,,,). Suppose that moreover we also know that



SEMISIMPLICITY OF ETALE COHOMOLOGY OF CERTAIN SHIMURA VARIETIES 3

(1) py is strongly irreducible
(2) For all primesp of E such that p|l, the Hodge-Tate weights of Py, viewed as a Gal(Ey/Ey)-
representation, are distinct.

Then p is a semisimple representation.

This result was previously known in the cases where the abelian type Shimura variety had a
cover by an associated PEL type A Shimura variety, as shown in [FN19].

We can apply the above theorem to situations beyond the cases of unitary groups considered
in [FN19]. In particular, we can consider now the cases where G’ is an inner form of the groups
GSpy, or GSO2;,, where the automorphic Galois representations have been constructed by Kret
and Shin in [KS20b] and [KS20a]. In the following theorem, we will let G* be one of the following
groups:

symplectic: G* = GSp,,

orthogonal, n even: G* = GSO»,

orthogonal, n odd: G* is a non-split quasi-split form of GSOg, relative to E/F, a CM
extension

We now assume that G’ is an inner form of G*.

Theorem 1.0.2. Let 7 be a cuspidal L-algebraic automorphic representation of G'(Ar), satis-
fying
(1) There is a finite F'-place vsy such that m,g, is the Steinberg representation of G*(Fyg,)
(resp. twisted by a character.
(2) 7°|sim|~™"=D/4 is £-cohomological for an irreducible algebraic representation & = ®y:F-céy
of the group (Resp/G™)c, where sim is the similitude factor map sim : G* — Gyy,.

(8) The representation m, is reqular after composing with the representation GSpy, o

GLgg (resp. GSpiny,, std, GLay, ) at every infinite place v of F.
If moreover the l-adic Galois representation p, : Gal(F/F) — G* satisfies
(4) The image of pr is Zariski dense in G,
Then the Galois module
Homga ) (7>, Hz, (Sh(G, X) g, Q1))
s semisimple.
To show this result, we first define a ‘partial Frobenius isogeny’ at primes p which are split in

F', and then show the Eichler-Shimura congruence relations for these partial Frobenius for split
groups, using results from [Lee20]. More precisely, we show the following:

Theorem 1.0.3. Let (G, X) be a Shimura datumn of abelian type, such that G = ResF/QG’
for some connected reductive group G, and totally real number field F' of degree d. Let p be a
prime satisfying the conditions in Proposition [2.8.4. Then for alli=1,...,d we have a partial
Frobenius correspondence Froby, such that

Frob = H Froby,

and

H;(Froby,) =0,
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where H; is the renormalized characteristic polynomial of the irreducible representation of C;’;
with highest weight [i;.

This is a refinement of the Eichler-Shimura relation considered for Hodge type Shimura va-
rieties in [Lee20]. The Hecke polynomial Hg x defined there (which is valid for all Shimura
varieties) will be a tensor product of the polynomials H;, and in particular, under the same
assumptions of splitting on the prime p, we get the Eichler-Shimura relations for the abelian
type Shimura varieties considered in the theorem.

Once we have the generalized Eichler-Shimura relations, we can combine the above theorem
with a semisimplicity criterion for Lie algebras shown in [FN19], allows us to deduce the main
result. Roughly speaking, the generalized Eichler-Shimura relations, along with the condition of
distinct Hodge-Tate weights, shows that we have many Frobenius elements, namely a positive
density of them, which are semisimple. This, together with a strong condition on irreducibility
of the Galois representation coming from the Langlands correspondence, allows us to show that
the image of Galois is a reductive group, and hence the representation was semisimple.

We emphasize that the main theorem here cannot be used to prove semisimplicity of the
Galois representations constructed in, for instance, [BLGGT14], [KS20a] or [KS20b]. Instead,
the main novelty of this result is when one knows, for instance from [KSZ2I], the expected
shape of the semisimplification of the Galois representation appearing in the cohomology of
the Shimura variety, via the study of zeta functions of Shimura varieties. In this case, we can
conclude that the equality holds even without taking semisimplification.

Acknowledgements. Many thanks to my advisor, Mark Kisin, for introducing this problem to
me, and for various helpful conversations. Thanks also to Sug Woo Shin, for suggestions about
applications in Section 4.

2. EICHLER-SHIMURA RELATIONS

In this section, we review some key results shown in [Lee20] to prove the generalized Eichler-
Shimura relations.

2.1. p-divisible groups. For the entirety of this subsection, we fix a prime p > 2, and let G
be a connected reductive group over Q. Let k be a perfect field of characteristic p. We denote
by L = W(F,)[1/p] the maximal unramified extension of Q,.

Definition 2.1.1. A p-divisible group with G structure over k consists of a p-divisible group
% /k and a collection of ¢-invariant tensors (sq,0) which define a reductive subgroup of GL(ID(¥))
such that there exists a finite free Z,-module U and an isomorphism

(2.1.2) U @z, W(k) — D(Z)(W(k))

such that under this isomorphism (s4,0) correspond to tensors (so) C U®. Moreover, these s,
define the reductive subgroup Gz, C GL(U).

Associated to any p-divisible group ¢4 with G-structure over F,, we have a G(W (F,))-o-
conjugacy class of elements b € G(L), such that under the isomorphism the Frobenius
on D(¥)(W (F,)) is given by bo.

Let u be the minuscule cocharacter of G such that b lies in G(W (F,))p*G(W (F,)) under the
Cartan decomposition.
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We now define the Rapoport-Zink space for the triple (G, b, ) following [Kim18, Def. 4.6].

Definition 2.1.3. Let RZ(G, b, 1) be the functor which assigns to any p-locally nilpotent smooth
W-algebra R the set of isomorphism classes ((X, p,t,) such that
(1) (X,ta) is a p-divisible group over R with tensors ¢, C D(X)®, where (,) consists of
morphisms of crystals ¢, : 1 — D(X)® over Spec(R) such that

1[1/p] = D(X)®[1/p]
is Frobenius equivariant;
(2) p:Xpg/p — Xg/p is a quasi isogeny;
(3) For some nilpotent ideal J C R containing (p), the pull-back of ¢, over Spec(R/J) is
identified with s, under the isomorphism of isocrystals induced by p:

D(Xg/s)[1/p] = D(Xo g/s)[1/p].

(4) For some (any) formally smooth p-adic W-lift R of R, endowed with the standard PD-
structure on ker(R — R) = p™R for some m, let (t,(R)) denote the R-section of (t4).
Then the R-scheme

P(R) := Isom([D(X) ), (ta(R))], [R ®z, A*, (1 54)]),
R)

classifying isomorphisms matching (t,(R)) and (1 ® s,), is a Gyy-torsor.

(5) The Hodge filtration Fil'(X) € D(X)(R) is a {u}-filtration with respect to (to(R)) C
D(X)(R)®, where {u} is the unique G(W)-conjugacy class of cocharacters such that
be G(W)p*G(W).

If the group G admits a decomposition over Q, as G = G1 x G2, then the associated Rapoport-
Zink spaces also decompose, as the following proposition [KimI8, Thm 4.9.1] shows:

Proposition 2.1.4. Let b = (b1,b2) € G1(L) x Ga(L), and p = py X pe. Then we have an
isomorphism

RZ(G1, b1, ) xspw RZ(Ga, ba, p2) = RZ(G, b, 1)

induced by taking product of p-divisible groups, and isogenies.

2.2. The moduli space p—Isog. We again suppose that the Shimura variety is of Hodge type,
and recall the constructions in [Lee20] of the associated moduli space p — Isog.

Let T' be a scheme over Op, (), and consider any two points x,y lying in Zk (G, S)(T). For
any geometric point ¢ of T', let x¢, ¢ be the pullback of z,y to t. From the main construction in
[Kis10], we have l-adic étale and de Rham tensors (s, o) for [ # p, and (sg,,a,dr) (respectively
(Sys.ail)s (Sys.a.dr) for y). Observe that k(t), the residue field at ¢, could be of either characteristic
0 or characteristic p. Suppose k(t) is a field of characteristic 0, i.e. it is an extension of E. Then,
we also have p-adic étale tensors (sz,.a.p), (Sy,,a,p)- Otherwise, if k(t) is of characteristic p, it is
an extension of . Similarly, we have crystalline tensors (sz,.4,0), (Sy;,a,0)-

We define a quasi-isogeny between z,y to be a quasi-isogeny f : A, — A, of abelian schemes
over T', such that for any geometric point ¢, the induced quasi-isogeny f; : A;, — A,, of abelian
varieties over k(t) preserves all the tensors described above.

We define a p-quasi-isogeny between x,y to be a quasi-isogeny as defined above, such that
the isomorphism on the rational prime-to-p Tate modules f : V?(A,)g — VP(A,)qg, induced by
the quasi-isogeny A, — A,, respects the prime to p-level structures £f, ), i.e. €} is given by
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the composition
Vg S VP (Aide 5 V(A o
In particular, we see that the weak polarizations on A, A, differ by some power of p.

Let p—Isog be the fppf-sheaf of groupoids of p-quasi-isogenies between points on ., (G, X).
Concretely, for any O, (,)-scheme T', points of p—Isog are pairs (z, f), where z € Sk, (G, X)(T),
and f is a p-quasi-isogeny f : A, — Ay, where y € S (G, X)(T). For KP C G(Ag), we can
define p — Isogyy in a similar way, by setting K = KP?K,, and considering p-quasi-isogenies
between points on ., (G, X) instead. For small enough KP? such that .7k (G, X) is a scheme,
p — Isoggyp is in fact also a scheme over O (). In the following, we always assume sufficient
level structure KP such that p — Isogy, is a scheme, and for notational simplicity we will simply
denote this by p — Isog.

We have can define projection maps back to .7k, (G, X) sending a p-quasi isogeny (z, f) to x
(respectively )

s:p—Isog = Sk, (G, X) t:p—Isog = 7k, (G, X).

These maps s,t are proper, and surjective.

Consider the closure _# of the generic fiber p — Isog ® E in p — Isog. We abuse notation
and still denote the special fiber of ¢ by p — Isog ® k, and the Q-vector space of irreducible
components by Q[p—Isog®«]. Since ¢ is flat over O E,(v)» Irreducible components of p—Isog®
are hence of dimension 2(p, y1).

ord

We now consider the p-ordinary locus p — Isog®® ® k. This is the subspace of p — Isog ® &
which maps to the p-ordinary locus under the map s (equivalently, t). The following argument

can be extracted from [Lee20]:
Proposition 2.2.1. When G is split over Q,, the p-ordinary locus is dense in p — Isog @ K

Proof. The discussion in [Lee20), §6] shows that for any irreducible component in p — Isog ® &,
it has a dense open subset which corresponds to the Newton strata for some unramified [b] €
B(G,v). If G is split over Q, then the only unramified element in B(G,v) is the p-ordinary
o-conjugacy class, since we have an isomorphism B(G,v) ~ B(G%,v?), which maps unramified
elements to each other. From [XZ17, 4.2.11], we see that the identity element represents the
basic element in B(Mq, paq) if and only if [1] € B(Maq, pad), i-€. tag = 0 in w1 (Mag)r. If Myq
is split, then p,q = 0 in 71 (Myq)r implies that pigg is the sum of coroots of M4, and hence piqq
is either the identity or it cannot be minuscule. ]

2.3. Abstract Eichler-Shimura Relations. We have isomorphisms of Hecke algebras
H(G(Qp)//Kp, Q) ~ ®% i(Qp)//Kp, Q).

Similarly, since G, admits a decomposition, we can write
(23.1) w=TTm
i

where p; is a minuscule cocharacter of GG;. If we let M be the centralizer of p in G, then similarly

Mg, = HM

we also have
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where M; is the centralizer of u; in M. Thus, we also have an isomorphism of Hecke algebras

(2.3.2) H(M(Qp)/ [ Mp, Q) =~ ®H i(Qp)/ /My, Q).

For a quasi-split reductive group G with standard parabolic subgroup P and Levi subgroup M,
we can define following algebra homomorphism, known as the twisted Satake homomorphism

i - H(G(Qp)/ [ Kp, Q) = H(M(Qp)/ /My, Q),
defined as follows. Write P = NM, for N the unipotent radical of P, and given a function
f e H(G(Qp)//Kp,Q), we have
:/ f(nm)dn
neN

The twisted Satake isomorphism also factors: we have an isomorphism
- R85,
i

Consider now the representation p; : G — GL(V,,) of G with highest weight cocharacter
(1,..., i, ..., 1), where p; is in the i-th position. Observe that p, = ®;p,,. Define the polyno-
mial

Hi(z) € H(G(Qp)//Kp, Q)(2)

as the polynomial given by
(2.3.3) Hi(x) = det(x — p"" ppu, (0 % ).

Note that since p is central in M, pu; is also central in M, hence we can consider the element

Liuwm. € HIM(Qp)/ /My, Q).
Proposition 2.3.4. We have the following equality in H(M(Qp)//Mp,Q): for all i,
Hi(1p,(p)m.) = 0

Proof. This follows from the same proof as [B02, Prop 3.4], and the observation that under the
decomposition (|2 , we see that H;(1, (p) MC) corresponds to the polynomial with coefficients
in H(M;(Qp)/ /M, ¢, Q) defined s1m11arly as in (2.3.3), where we instead take the determinant of
highest weight representation of G; correspondlng to ;. ([l

2.4. Newton stratification. From now on, we will drop the assumption that the Shimura
datumn is of Hodge type, and consider general abelian type Shimura datum. For any abelian
type Shimura datumn, we will let (G1, X1) denote the Hodge type Shimura datumn such that
there exists a central isogeny

f . thier N Gder
which induces an isomorphism (G§¢, X{4) ~ (G4, xad),

We now recall the construction of Newton strata for Shimura varieties of abelian type, as con-
structed in [SZ17]. Observe that for any connected reductive group GG, and minuscule cocharacter
v, we have an isomorphism B(G,v) = B(G®,v%). In [SZ17], the Newton strata is first con-
structed for adjoint groups, and thus we have a stratification on YKgd(G“d, X2). The Newton

strata for .7k, (G, X) is then defined to be the pullback of the Newton strata for YKgd(G“d, Xad)
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via the natural map
T, (G X) = S (G, X ).

Fix a connected component X+ of X, and a connected component X fr of X1, such that their
images in X2 are equal to some connected component X2+, Let Shi, (G, X)" denote the
connected component of Shg, (G, X) containing {1} x X, and similarly let Shg, ,(G1,X1)*
denote the connected component of Shg, ,(G1, X1) containing {1} x X;F.

We observe that the Newton strata of Sk, (G, X)" and Sk, ,(G1,X1)" is exactly that pulled
back along the maps

Sk, (G1, X1)T = Sk, (G, X)" — SKgd(Gad,Xad)Jr

in particular, we see that the yj-ordinary locus of Sk, ,(G1, X1)* is exactly the preimage of the
p-ordinary locus of Sk, (G, X)".

2.5. Model for the Hecke correspondences. For general abelian type Shimura varieties, we
do not have a moduli interpretation in terms of abelian varieties, and thus we do not have the
general formalism of p—1Isog. However, we can still define models for the Hecke correspondences,
defined as follows.

Consider the Hecke correspondence C' C Shi (G, X) x Shi (G, X) given by 1k, 4k, on the
generic fiber, and let € be the closure of C' in Yk (G, X) x Sk (G, X). For any correspondence
€ over Sk(G,X), we will let Cy denote the special fiber, which is a correspondence over
YKk (G, X),. We have a similar construction for Hecke correspondences for the groups G, G,
Observe that the Hecke operators for G, G are related as follows. Let g% denote the image
of g € G(Qp) in G € C Shyaa(G, X)) x Shyaa(G, X9%) given by lyadgadpcaa ON the
generic fiber. Let € be the closure of C% in Fpaa(G, X) X Fpaa (G4, X)), and let C§?
denote the special fiber.

Our key observation is the following: C®? is the image of C' under the (finite) projection maps

Shy (G, X) x Sh (G, X) = Shycaa(G%, XY x Shyaa (G, X ).

Thus, we see that ng is the image of the projection of Cy to a correspondence on .#yaa (G2, X%9),..
We can also define the p-ordinary locus C'(‘]””d of Cp to be the subspace of Cy which maps

to the p-ordinary locus under the natural projection maps to /i (G, X). The discussion of

Newton strata above shows that Co%*"* is the image of the projection to .Zyaa (G4, X94)ord x

Fead(G, X4 ord of Cgr and also C’lof"od.

Proposition 2.5.1. Let G be split over Qp, and suppose g € G(Qp) is such that there exists
g1 € G1(Qp) such that g*¢ = ¢3¢ € G*(Q,). Consider the correspondence C associated with
1k,gK, as above. Then we have Cy has a dense p-ordinary locus.

Proof. Note that since we have an isomorphism B(G, u) ~ B(G, 1*?), the condition that G is
split implies that we also have exactly one unramified o-conjugacy class in B(G1, p1), and thus
p — Isog(G1, X1) ® k has a dense p-ordinary locus, by Proposition

By the above arguments, we know that the Hecke correspondence C§¢ has a dense p-ordinary
locus, since it is the image under a finite map of the Hecke correspondence C1 g on Shg, (G1, X1),
which will have a dense p-ordinary locus since p —Isog(G1, X1) ® k has a dense p-ordinary locus.
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Thus, since the image of Cy under a finite map to .%xad (G, X%) . X Fgaa (G, X%), has a
dense p-ordinary locus, the original Hecke correspondence must Cy must have a dense p-ordinary
locus as well. O

Observe that from the definition of the Hg x (t) that the Hecke correspondences which appear
as coefficients in Hg x(t) are closed subschemes of Hecke correspondences lying in the subring
R of H(G(Qp)//Kp) generated by 1g .k, Let 1 be the cocharacter of G g, associated to
X1. Observe that we have % = ;¢ when after projecting to cocharacters of G%¢. Thus, if the
group G is split, then the proposition holds for the coefficients of the Hecke polynomial.

2.6. Canonical liftings of p-ordinary points. Consider now any p-ordinary point z €
Yk, (G, X)(F,). We suppose now that the point  lies in Sk,(G,X)*. Note that this is always
possible up to the action of some g € G (A?), since by [Kisl0, 2.2.5] G (A‘;) acts transitively on
Sk, (G, X).

We suppose that z is the image of some p-ordinary point 21 € Sk, ,(G1, X1)" (Fp). We know
from [SZ16] that for every ordinary point in .k, ,(G1, X1)" (F,), there exists a special point
lifting 1, with associated cocharacter uz, satisfying pz, @, = p1-

Note that since the map X — X% is injective, and takes a special point z € X to a special
point in X, if we consider the image & of #; in “k,(G,X)T, then T is a special point whose
reduction mod p is the point x. Moreover, note that the cocharacter us; is determined by the
map to the adjoint group u‘%d, since for any map G,,, — G, it is determined by the induced maps
to G/G9" and G, and since G/G9" is commutative, the map G,, — G/G%" is constant for
all elements x € X. Thus, we see that the associated cocharacter pz satisfies pz g, = p, since
putd = u‘fd. Thus, we have the following corollary:

Corollary 2.6.1. Let x be a p-ordinary point in YKP(G,X)(FP). Then x admits a lifting to a
special point T, and the p™-Frobenius map on I s given by

j=u@)o(up))...c" " (up) € G(Qy).

We now want to show the following proposition, which is a generalization of [B02, Lemma
4.5).
Proposition 2.6.2. Let z be a p-ordinary point in Sk, (G, X)(Fp), and let & = [gK, x h] be
the lifting constructed in Corollary [2.6.1. Let U denote the unipotent radical of the parabolic

subgroup of G associated to . Then for any u € U(Qy), we have that the mod p reductions of
the points

[9Kp x h] = [guK), x h]
are equal.
Proof. Up to the action of some g? € G(A’}), we may assume that z € S, (G, X)"(Fp). Observe
that we have an isomorphism of root systems ®(G,T) = ®(G T = &(Gy,Ty). Hence if we
consider U; the unipotent radical of the standard parabolic subgroup of G corresponding to

w1, then we can identify U; with U. In particular, since this result is true for the lift 21, for any
u € U1(Qp), the same is true for the action of n € U(Q)) on Z. O

2.7. We now let G be the simply connected cover of G{er. Let Zg denote the center of the
group G. Recall that we have a central isogeny

ZxG— G,
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and thus, for a maximal torus 7" of G defined over Q, we have a injective map with finite cokernel
X.(Zg) ® X, (T%) — X,(T)

where T in G is a maximal torus of G%.

In particular, observe that for any cocharacter A\ € X, (T'), there exists some positive integer
m such that A™ lifts (up to some cocharacter in X,(Zg)) to a cocharacter of G.

By [MS82, 3.4], there exists a Shimura variety Sh(G’, X’) and a map with central kernel
G’ — G such that G'%" = G and via the composition map

G — Gier — qder
there is an isomorphism of Shimura data (G4, X'%) ~ (G¢4, X¢d) ~ (G4, X 9),

Now, we consider the Shimura variety Sh(é,X ). Since G is simply connected, observe that
the action of any ¢’ € é(Qp) preserves connected components. We now choose a connected
component X't of X’ which maps to X%+ and let Sh(G,X)* be the connected component
which contains X' x {1}. In particular, we see that ¢’ maps Sh(G’, X’)* back to itself.

Let g € Gder((@p) be the image of ¢’ under the central isogeny G — G®". Moreover, note
that on geometrically connected components we have

Shi (G, X))t = Sh(G', X") T /A

where A = ker(«/(G')° — o/(@G)), where the groups &/ (G’)° and <7 (G) are as defined in [Kis10),
§3.3]. Thus, we see that since the action of ¢’ preserves Sh(G’, X')*, so too does the action of g
preserve connected components of Shx (G, X), and moreover the action of g on Shx (G, X)™ is
exactly the quotient by A of the action of ¢’ on Sh(G’, X')*.

If we let g1 € G¢7(Q,) be the image of ¢’ under the central isogeny G — G, a similar
result holds for the action of ¢g;.

2.8. Partial Frobenius for abelian type. Similar to the situation for the partial Frobenius for
Shimura varieties of Hodge type, we would like to define the partial Frobenius to be the p-power
quasi-isogeny represented by p;(p). Since we are in the abelian type case, we cannot work directly
with p-divisible groups. Instead, here we will define the partial Frobenius correspondence, at
least over the ordinary locus.
Suppose that p is a prime which satisfies the following criterion:
(1) p splits in F'
(2) The group G has good reduction at p

2.8.1. Firstly we will assume the group G is adjoint. By [Kisl7, 4.6.6], there is a Hodge type
Shimura datum (G7, X7) such that
(1) (G¢4, X¢d) = (G, X) and Zg, is a torus;
(2) if (G, X) has good reduction at p, then (Gi,X;) in (1) can be chosen to have good
reduction at p, and such that E(G, X), = E(G1, X1),.

Since Zg, is an unramified torus, by [Ama69, Corollary 2], we know that H*(Qy, Zg, ) is trivial,
and thus we have a surjective map

G1(Qp) — G(Qp).

More precisely, it tells us that the element p;(p) € G(Q)) lifts to an element fi;(p) € G1(Q,) for
some cocharacter fi; of G1. Now, observe that mu;(p) lies in the center of Mj, the centralizer of
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p1. Thus, we may consider the section of p—Isogq, given by the image of 15, (,)as,(z,)- This gives
me a correspondence on . (G, X1),, which we project to get a correspondence on .7 (G, X),.
This is the partial Frobenius correspondence Froby,. Observe that by construction we have

Frob = H Froby,,
i

since the product of the images of 15, )11, (z,) is the image of 15,11, (z,), where fi is a cocharacter
whose image in G(Qy) is p(p), which corresponds to the Frobenius over the ordinary locus.

2.8.2. More generally, if G is not adjoint, then we will consider the Hecke correspondence
on (G, X)x given by h(1k, .,»K,), and its image in (G4, X)), . The image is given by
the Hecke correspondence h(1 Kadpod (p) Kgd) in (G4, X, which in particular contains the
partial Frobenius correspondence Frobgid as an closed subscheme. Then, we define Frob,, to be
the preimage of Frobgid under the projection map

h(lem(p)Kp) - h(lKgdu?d(p)KSd)'
It remains to check that
(2.8.3) Frob = [ | Froby,,
i
which we can check over the ordinary locus. This follows from the corresponding observation for
Frob®%, and noting that over the ordinary locus closed points in Froby, consist of the reduction

mod p of pairs (Z, u;(p) - ), where Z is the special point lift of  constructed previously. Thus,
we have the following proposition:

Proposition 2.8.4. Let (G,X) be a Shimura datumn of abelian type, and let (G1,X1) be a
Hodge type Shimura datumn constructed in (2.8.1) for (G, X%). Let p be a prime such that
(1) p splits in F
(2) The group G has good reduction at p

Then we have a partial Frobenius correspondence Froby, such that

(2.8.5) Frob = HFrobpi.

Remark 2.8.6. Since we do not have a moduli interpretation for general abelian type Shimura
varieties, outside of the p-ordinary locus, it is not clear what Froby, has to do with partial
Frobenii. However, the above result at least suggests that the Frobenius isogeny admits a
decomposition into factors for each prime p above p.

2.9. Proof of Eichler-Shimura relations.

Proposition 2.9.1. Let (G, X) be a Shimura datumn of abelian type, such that G = Resp /oG,
and p a prime satisfying the conditions in Proposition . Let H;(t) be the polynomial defined
mn , viewed as a polynomial with coefficients in Corr(.%,.%,) via the map h. Then we
have the equality

H;(Froby,) = 0.
in the ring Corr(y, %).
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Proof. Firstly, observe that from Proposition all the terms appearing in H;(Froby,) have

a dense p-ordinary locus, hence it suffices to show the result where we restrict all the terms to

the p-ordinary locus. Applying [B02, A.6], to show that H,(Froby,) = 0, it suffices to show that
x - H;i(Froby,) =0

for all z € Sk, (G, X)(F,)°d.
Let the Hecke polynomial be

Hit) =Y At
j

for elements A; € H(G(Qp)//Kp). Let h(A;) denote the mod p algebraic cycle in Corr(.%, 7)
corresponding to A;. Thus, we want to show that

(2.9.2) x| Y Frob}, - h(4;) ] =0
J

where Froby, is the correspondence defined above.
The proof then follows as in [B02, Thm 4.7]. As constructed above, we let  be the special
point lift of z. Write Z = [gK X h], and we write the coefficients of the Hecke polynomial A; in

terms of left Kj,-cosets of G(Qp)
Aj = E”l(gj)giij)[(p
k

It remains for us to show that

(2.9.3) S 0l o (p~™M)g K < b =0,
ik

since ([2.9.2)) is the mod p reduction of (2.9.3)), and we observe that the partial Frobenius acting
on T is given by p;(p). The equality in (2.9.3)) follows from the abstract Eichler-Shimura relation
and the Proposition [2.6.2 ]

3. SEMISIMPLICITY CRITERION

3.1. An abstract semisimplicity criterion. We first recall the following theorem of Fayad
and Nekovar [FN19, Theorem 1.7].

Definition 3.1.1. A representation p : 'y — GL(V) is strongly irreducible if the restriction to
any open finite index subgroup U py is still irreducible.

Theorem 3.1.2. Let I' be a profinite group, V, W1, ..., W, non-zero vector spaces of finite di-
mension over Q. Let p: " = Autg(V) and p; : I' = Autg(W) be representations of I' with Lie
algebras
gi = Lie(pi(I')), g = Lie(p(I)).
We denote §; = g; @ Q, 5 = g® Q. If the following three conditions hold, then the representation
p = p*® is semisimple.
(1) Each p; is strongly irreducible (which implies that each g; is a reductive Q-Lie algebra
and each element of its centre acts on W; by a scalar).
(2) For each i =1,...,r, every (equivalently, some) Cartan subalgebra b; of g; acts on W;
without multiplicities (i.e., all weight spaces of b; onW; are one-dimensional).
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(3) There exists an open subgroup I' C T' and a dense subset ¥ C I" such that for each
g € X there eists a finite dimensional vector space over Q (depending on g) V(g) DV
and elements u1,...,u, € AutQ(V(g)) such that uu; = uju;, Ppi(g)(ui) =0 for all i,
j=1,...,r, and V is stable under uy ...u, and ui ... u;|v = p(g)

We state here a theorem of Sen [Sen73, Theorem 1] which we will use to find representations
which satisfy condition (2) of the theorem above.

Proposition 3.1.3. Let g = Q; - Lie(p(Galg)) C gl(n,Q;) be the Q;-Lie algebra generated by
the image of p. Then any Cartan subalgebra ) C g acts on @l” by the n Hodge-Tate weights of
plag, , for any 7 F — Q.

3.2. Proof of Main Theorem. We prove in this subsection Theorem [1.0.1

Proof. Observe that to show that the representation p is semisimple, it suffices to show that p|¢
is semisimple for any open finite index subgroup of Gal(E/E). Thus, it suffices to find a set of
primes p of positive density such that p(Frob,) is a semisimple endomorphism of V(7).

From the Eichler-Shimura relation for split primes, observe that if we let H be the Hecke
polynomial H, then we have

H (Frob,|H'(Shg)) = 0

as endomorphisms of H(Shg). Applying the decomposition of H?(Shy), observe that since
each summand V(7°°) ® (7°°)X is Frobenius stable, we can consider Frob,, as an endomorphism
of V(7).

Replacing each element of the Hecke algebra with its eigenvalue on 775 ?  we obtain
H|7r£<p (Frobp|vi(ﬂ.oo)®(7roo)1<) =0.

Observe that the polynomial on the right hand side is, by the definition of the Hecke polynomial,
det(t — p'(Froby)) =: Pj.

In order to show semisimplicity of the endomorphism given by Frob,, it suffices to show that
the P; has distinct roots. This is an open condition on Gal(E/E), hence it suffices to exhibit
an element u € Gal(E/E) such that the characteristic polynomial of p(u) has distinct roots. To
see this, observe that Proposition [3.1.3]| applies, hence the Lie algebra

§ = Q- Lie(5(Cal(E/E))
contains a semisimple element whose eigenvalues on V;(7>°) act by the Hodge-Tate weights of
pi- By assumption (2), the Hodge-Tate weights of p; are all dinstinct. This implies that there is
an open subset of Gal(E/E) where the characteristic polynomial of p(u) has distinct roots.

Finally, we conclude using the criterion in Theorem [3.1.2] since we have constructed a Zariski
dense set of elements which are semisimple, that p is semisimple. ([l

4. APPLICATIONS TO SOME SHIMURA VARIETIES

We discuss here some examples of Shimura varieties where Theorem applies. Consider
the Shimura variety associated to the group Resp/qG, where G is some inner form of GSpay,, r
which is compact modulo center for at least one place v|oo of F. Let m be a cuspidal L-algebraic
automorphic representation of G(Ar), and we assume that 7 satisfies

(1) There is a finite F-place vg; such that m,g, is the Steinberg representation of G:Spay, (Fyg,)
twisted by a character.
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(2) 7> ]sim]"(”ﬂ)/ 4 is &-cohomological for an irreducible algebraic representation £ = ®y:F-cly

of the group (Resp/qGSp2n)c, where sim is the similitude factor map sim : GSpa, — Gyy.
Under these conditions on 7, Kret and Shin [KS20b, Theorem A] construct the Galois represen-
tation

Pr - Gal(F/F) — GSpin2n+1(Ql)

associated to w. If we moreover assume that the Zariski closure of the image of p, is G* (which
should hold generically), then at all places v|oo where the group is not compact modulo center,
the associated representation

ﬁﬂ',v : Gal(F/F) - GSpin2n+1(QZ) % GL(V)’

Prv Will be strongly irreducible. This is because pr is irreducible, since it does not factor through
any Levi subgroup, and if we look at the Zariski closure of the image of any finite index open
subgroup, it must also be @*, since G* is connected, and thus also irreducible.

Moreover, the regularity condition implies that the Hodge-Tate weights of pr, are distinct.
Under all these conditions, we have may apply the Main Theorem, and we can deduce the
following;:

Theorem 4.0.1. Let 7 be a cuspidal L-algebraic automorphic representation of G'(Ar), satis-
Jying
(1) There is a finite F-place vgy such that m,g, is the Steinberg representation of G*(F,g,)
twisted by a character.
(2) w°|sim| D/ s ¢ cohomological for an irreducible algebraic representation € = ®,.p_c&,
of the group (Resg oG Span)c, where sim is the similitude factor map sim : GSpa, — Gyy.
(8) The representation m, is spin-reqular at every infinite place v of F

. If moreover the l-adic Galois representation p, : Gal(E/E) — GSpina,1 satisfies
(1) The Zariski closure of the image of pr maps onto SOap41,
Then the Galois module
Homg ) (7, H;(Sh(G, X), Q1))
(which is finite-dimensional over Q; is semisimple.
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