UNRAMIFIEDNESS OF WEIGHT 1 GALOIS REPRESENTATIONS FOR
HILBERT MODULAR VARIETIES

SI YING LEE

ABSTRACT. We show local-global compatibility at p for Hecke eigenclasses in higher coherent
cohomology in weight one for Hilbert modular varieties at an unramified prime, assuming that
the residual degree is odd.

1. INTRODUCTION

Let p be prime number. The Serre weight conjecture for modular forms, specialized to the
case of weight one, says the following:

Conjecture 1.0.1. Let

p: Gal(Q/Q) — GLy(F,)
be a continuous, irreducible, and odd Galois representation, which is moreover unramified at
p. Then, there exists a mod p modular eigenform f of weight one such that py, the Galois
representation attached to f by Deligne-Serre [DST4] is py ~ p. Moreover, this induces an
equivalence between weight one mod p modular eigenforms and odd irreducible unramified mod
p Galois representations.

This modularity result (at least when p > 2) was proved in the works of Gross [Gro90],
Edixhoven [Edi92], Coleman-Voloch [CV92] and Wiese [Wiel4].

The Serre weight conjectures have a natural generalization to the case of Hilbert modular
varieties associated to a totally real field F'. This was stated in the case of regular weight by
Buzzard-Diamond-Jarvis [BDJ10], and proved (assuming modularity of the residual representa-
tion) by Gee-Liu-Savitt [GLS15]. In the case of partial weight one, the same weight receipe in
[BDJ10] also gives us a conjectural relation between mod p Hilbert modular forms which are of
partial weight 1 and mod p representations of Gal(F/F) which are unramified at some prime p
of F' above p.

More precisely, let F' be a totally real field of degree d, and let p > 2 be a prime unramified
in F. Let Sh be the Hilbert modular variety over Z, defined using the group Resp/qGLa,
with level hyperspecial level at p, and we let Sh*" be an appropriately chosen smooth toroidal
compactification. Let ¥ be the set of embeddings 7 : ' < R. We let p denote a prime of F
above p. Let p be an irreducible mod p Galois representation associated to a Hecke eigensystem
appearing in H '(Shﬁf:, w®) where k = ((k;)r, w) is a paritious weight. This Galois representation
was constructed by Emerton-Reduzzi-Xiao [ERX17D].

Now, we fix an isomorphism ¢ : @p ~ C, and we let X, denote the set of embeddings 7 which,
under ¢, induce the prime p. Let k, denote the residue field of O corresponding to p. We
assume that we are of partial weight 1 for p, ie. & satisfies kK, = 1 for all 7 € ¥y, and w = —1.

The main theorem of this paper is the following:
1
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Theorem 1.0.2. If the residual degree [ky : )] is odd, then any absolutely irreducible represen-

tation p appearing in Hi(Sht(;r, w) is unramified at p.

In fact, we show a stronger result that regardless of the residual degree, as long as the
cohomology class is not of a ‘middle degree’ situation, the desired statement about the Galois
representation holds. This confirms (part of) a conjecture of Emerton-Reduzzi-Xiao [ERX17al,
Conj 5.15], under the same assumptions.

Other than the work of Emerton, Reduzzi and Xiao, there has been previous work on this
conjecture by Dimitrov and Wiese [DW1§], Deo, Dimitrov and Wiese [DDW24], and de Maria
[de 20]. All these three papers have focused on degree zero coherent cohomology, and the only
previously known result of unramifiedness for higher coherent cohomology was in [ERX17al,
which dealt with the case of Hilbert modular surfaces, though we note that their methods
for getting the result in cohomological degree one are completely different from those in this
paper. However, coherent cohomology in partial weight one is expected to have torsion in many
consecutive degrees, so studying degree zero coherent cohomology is insufficient, necessitating a
different approach.

In the following, for notational simplicity, we will assume that p is inert. To motivate our
approach, we now recall the main arguments used in the degree zero case to prove that the
Galois representation is unramified. One can divide the argument into two steps: the first is to
show that the cohomological class is ordinary in the sense of Hida, namely it lies in some space
of automorphic forms on which the Up,-operator acts idempotently. More precisely, in degree
zero we see that multiplication by the Hasse invariant gives us an injective map

h: H(Sh,w!) < HO(Sh,wP),

and in this case one shows that the image of this map is contained in U, ordinary part e(U,) H%(Sh, wP).
Indeed, the Eichler-Shimura congruence relation shows that the Up,-operator restricted to the
image of h satisfies the polynomial equation

(1.0.3) Ul —UpoT,+8,=0

and since S}, is invertible, the constant term will be non-zero, hence this implies that the image
is ordinary.

The second step is to show a doubling argument. We want to show that the given cohomolog-
ical class produces two ordinary classes, that is, two Up-eigenclasses in e(U,)H°(Sh,wP), whose
eigenvalues necessarily satisfy the above polynomial . In this case, one shows that the
image of h is not a Up-eigenclass. We see this by considering the partial Frobenius F' operator,
which is (essentially) a dual to U,. We observe that if we did not have doubling, then we would
also have an eigenvector for F', which is not possible.

After showing these two steps, one can prove the desired result by observing that local-global
compatibility for ordinary Hilbert modular forms in regular weight implies that the Galois
representation has a one dimensional unramified subspace on which Frobenius acts via the
Up-eigenvalue. If the two ordinary classes we produced had distinct eigenvalues (i.e. if the
polynomial equation has distinct roots) then we may easily conclude that the Galois
representation is unramified. Even without the assumption of distinct eigenvalues, the argument
of Dimitrov-Wiese [DW18] still allows us to get the desired conclusion, assuming we have shown
doubling.
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We can generalize the first step of the argument in the following way. Firstly, the work
of Boxer-Pilloni [BP| on higher Hida theory for the Hilbert modular variety at hyperspecial
level gives us a good understanding of the ordinary part of higher coherent cohomology in
regular weight, and we modify their constructions to work for weight one. Let us briefly recall
their constructions here, which we detail in Hecke operators acting on integral coherent
cohomology of the Hilbert modular variety have been constructed by Emerton-Reduzzi-Xiao
[ERX17b] and Fakhruddin-Pilloni [FP21]. We have the T)-operator acting via a normalized
push-pull action on the coherent cohomology of Sh, and supported on the Hilbert modular
variety at Iwahori level Shy . The mod p fiber of Shy, admits a stratification in terms of Kottwitz-
Rapoport (KR) strata, and the maximal strata are indexed by subsets I of {1,...,d}. Let X;
denote the closure of the maximal KR strata given by I. We have 2%possible U,-operators,
which we denote by U, 1, each supported respectively on X;. Moreover, we have that T, is equal
to Up,1 when & satisfies k <0 for 7 € I, k; > 2 for 7 € I°.

Boxer-Pilloni construct a geometric Jacquet-Langlands isomorphism which relates the U, ;-
ordinary parts of degree j = #I cohomology with the Ué—ordinary degree 0 cohomology of
a quaternionic Shimura variety. Note that j is the only degree for which the non-Eisenstein
Up,1-ordinary part will be non-zero. They construct an isomorphism

(1.0.4) e(Up,r)HY (Shg ,w") = e(Uy)H*(Z, 5, w"1)

where Z7 is a quaternionic Shimura variety, and x; is some automorphic weight, both determined
explicitly by the set I. Here, the Ulf -operator on Z is the standard one acting on quaternionic
automorphic forms. As a consequence of this control theorem, Boxer-Pilloni also show local-
global compatibility by constructing a Hida complex supported in the expected degrees over the
Iwasawa algebra which interpolates the ordinary part of cohomology. We can hence also see
that ordinary classes lift to characteristic zero, and hence the Galois representations associated
with these classes contain a one-dimensional unramified subspace on which the Frobenius at p
acts via the U), r-eigenvalue, exactly as in the description for degree zero.

We now describe how to make use of this construction in weight one. The first observation
is that we can weight shift using partial Hasse invariants h, and partial theta operators 6., to
go from weight one into regular weight. More precisely, we show that for any non-Eisenstein
cohomology class v in H7 (Shﬁp, wl), there is some subset S C X of places such that for all 7 ¢ S,
we have h.(v),0;(v) # 0, and for all 7 € S, we have v lies in the image of h;,60;. Moreover,
we have #S = j. This is achieved by using the description of coherent cohomology using the
Cousin complex. This is the main result of

From this set S, we can define I = ¢~!(S). This will be the set I for which we want to show
that v is ordinary for the U, j-operator. Following , we see that we want to shift the class
into H°(Z 15, W ). Such a shift is constructed via the maps

H(Shg ') & HI(Yi,w') & HO(Z; 5 "),

where Y7 is generalized Goren-Oort strata (as defined by Tian-Xiao [TX19]) of codim j associated
with I. The map ¢* will be the restriction map via the inclusion 7 : Y7 — Sth, while j; will be
the pushforward via the map j : Z; — Y7 induced by identifying Z; with the closure of a central
leaf in Y;. The line bundle w®r here will be the line bundle associated with regular weight &
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such that
{ D ifrégl
Ky =
2—p ifrel.

We want to show that there exists some non-zero w such that i.(v) = ji(w). Note that since
the maps are equivariant for prime-to-p Hecke operators, v, w have the same system of Hecke
eigenvalues and hence the same associated Galois representation. To see that such w exists,
our first observation is that this would follow if we knew that v lay in the image of the map
ky o HO(Yie, k'wt) — Hj(Sth,wl), where I¢ = Y\1, since Y7 and Yjc intersect transversally,
with intersection Zj. We further see that this would follow if we knew that there was some
cohomological correspondence C' acting on Sth satisfying p1(C) = Y7e, p2(C) = Y7 and such
that the induced map T¢ on HY (Sth,wl) has eigenvector v with non-zero eigenvalue. We
show something like this is almost true after pre-and post composing T),» by some set of partial
theta operators and Hasse invariants (depending on the set I), and showing that the support of
the induced cohomological correspondence is only on those components satisfying p;(C) = Yre,
p2(C) = Y. This is Theorem and is shown by studying components in the Tpn, using a
description of mod p irreducible components from [Lee21].

Since the combinatorics of the Hasse and theta operators from the set I can be somewhat
complicated, we illustrate what is happening in the simplest case d = 3, and H 1(Sth, wh). If we
let ¥ = {1, 2,3}, the set S will be one of {1},{2},{3}. Let us suppose S = {2}, hence I = {1}.
Then Z; can be identified with the closure of the central leaf of LTy x LTs3. Here Y = V(hg)
is the vanishing locus of the partial Hasse invariant ho, and Yre = V' (h) is the vanishing locus
of hi. We observe then that the composition

T,y - H' (Shy ' %) & H'(Shy o) 2 H'(Shy ,w') 2% H'(Shy ,w!+0Hhs)
is supported exactly on the strata X}, where we abuse notation to denote the weight 0; =
(...,p,1,...) to be the shift in weight induced by 6;, i.e. +1 at ¢, +p at ¢ — 1 and zero
everywhere else, and similarly for h; = (...,p,—1,...). Hence, we have a commutative diagram

T,
Hl(Sth, wl=0z) 2, Hl(Sth, wlttitha)

I q

HY (V(hy),w'™2) —— HO(V(hy), k'wit0i+hs)

Note that v is of the form 6(v’) and we have v” = 61 o h3(v) # 0 by assumption on I. Assuming
T,(v) # 0, we see that this means T}, r13(v") # 0, and thus 7*(v) # 0 and v” lies in the image of
ky, the pushforward map from V'(hy). Observing that 6; is an isomorphism on V'(h;), this gives
us a class w € H(Zr, k'w!t91—%27h3) which we want. Note that in this case the line bundle w?r
is exactly k'w!t01—02ths — (1+01=62%hs+hs Ty general we might not have T),(v) # 0, but we will
have Tpn (v) # 0 for suficiently large n.

Finally, assuming such w exists, we show that the UI{ operator acting on w satisfies the
equation

(U = UL oT,+ S} =0,
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where for the composition Ug o T, we mean the image of Ug acting on a lift of T,(v) to
H°(Z IFy k1), which we further show to be the same as a suitably defined ‘T)-operator’ act-
ing on w. The key technical input needed to prove this polynomial equation also comes from
[Lee21] to understand how composition of various Hecke operators interacts with the geometric
Jacquet-Langlands map of Boxer-Pilloni. More precisely, we show that Ug o 1), as a coho-
mological correspondence, is supported on a Hecke correspondence which is the union of two
components, namely a ‘U, 1y’ and ‘U, 1’ component. When restricted to Zy, these two com-
ponents, over the p-ordinary locus, agree with the cohomological correspondence of Ug and an
associated ‘Frobenius’ Fpl (dual to UI{ ) operator, respectively. From this analysis, the Eicher-
Shimura relation for Z; allows us to conclude the desired polynomial relation, and hence deduce
that w is Ulf-ordinary. This is also where the condition on the residual degree being odd is
needed, as this description of the composition and the polynomial relation only holds when Z;
is the central leaf of a two-slope p-divisible group, ie. #I # #I°.

Now, we need to show doubling in the ordinary Hecke algebra. As in the degree zero case, this
amounts to showing that Ué (w) is not a scalar multiple of w. The key observation we need here
is that if Ué (w) was a scalar multiple of w, then this would imply that w will be an eigenvalue
of F. In particular, this implies that w gives us an F-ordinary class. Boxer-Pilloni [BP| show
that, given the restriction on the cohomological degree if #1 # #1¢, there are no nontrivial such
classes. Once we have established doubling, essentially the same arguments of Dimitrov-Wiese
[DW18] allow us to conclude that the Galois representation is unramified.

One can ask for a similar unramifiedness result for the mod p" weight one Hecke algebra,
not just individual mod p eigenclasses. Moreover, these methods carry over almost exactly to
quaternionic Shimura varieties. We believe the techniques in this paper can be adapted to these
situations, and we will pursue this in future work.
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2. NOTATION

(1) Let F be a totally real field. We fix a prime ideal p of F' above p, which we assume to be
unramified, and denote by f its residual degree. We denote by Op the ring of integers
of F' and the group of totally positive units by O;’+. Let @ be a uniformizer for Ofy.

(2) Denote by 0 := dp the different ideal of F/Q. Let € := {¢1,...,¢,+} be a fixed set of
representatives for the elements of the narrow class group of F', chosen to be coprime to
p. For a nonzero ideal a of F, we write N(a) for its norm #(Op/a).

(3) Fix an isomorphism ¢ : @, = C. We let ¥ denote the set of real embeddings Hom(F,R),
and denote by 3, denote the subset of ¥ whose composition with ¢~! induces p. We let 7
denote an element of ¥, and we will use 7 to also denote the induced p-adic embedding.

(4) Let G = Resp/gGLg, and denote by u the cocharacter given by diag(1,0).
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(5) For some compact open subgroup K C G(Ay), we denote by Shy the integral model
over O, of the Hilbert modular variety with level K. We assume that K = KPK),,
where K, is hyperspecial, and for notational simplicity we will often simply write Sh.
We denote by Shyy, the Hilbert modular variety with Iwahori level at p, and prime-to-p
level KP.

(6) For a set I, we denote by Y7 the generalized Goren-Oort strata associated with 1.

3. HILBERT MODULAR VARIETIES

In this section, we will recall definitions and results of Tian-Xiao [ERX17a], [TX16] about
the geometry of Hilbert modular varieties, at both hyperspecial and Iwahori levels. Note that
the descriptions are simpler than what is stated in [ERX17a], as we are assuming that p is
unramified, and hence we do not need to deal with Pappas-Rapoport splitting models.

3.1. Definition. Let S be a locally Noetherian Op-scheme. A Hilbert—Blumenthal abelian S-
scheme (HBAS) with real multiplication by Op is the datum of an abelian S-scheme A of relative
dimension d, together with a ring embedding Op — Endg.A.

Let ¢ € € be a fractional ideal of F coprime to p, with cone of positive elements ¢T. A
c-polarization on a HBAS over S is an S-isomorphism

)\:A®0Ftl>z4v

of HBASs under which the symmetric elements (resp. the polarizations) of Homp, (A, AY)
correspond to the elements of ¢ (resp. ¢*) in Homp, (4, A ®0, ¢).

Let O}’?) denote the direct product of completions of O at all finite places relatively prime
to p. For a positive integer N relatively prime to p, a principal level N-structure on a HBAS A
over S is an Op-linear isomorphism of finite étale group schemes over S:

ay : (Op/NOp)®? = A[N].

This is the prime-to-p level structure attached to the open compact subgroup

K(N)? := {<CCL Z) EGLQ(OAg))ICL—l,b,C,d—lEO mod N}.

For a general KP open compact subgroup of GLQ(Og)), choose a positive integer N relatively

prime to p such that K? C K(N)P. Then a KP-level structure on a HBAS A over S is a collection
of, for each connected component S; of S with a fixed geometric point s; € S;, a m1(S;, S;)-
invariant K?/K (N )P-orbit of isomorphisms ay . This does not depend on the choices of N
and §;.

We let K = K,K?, where Kj, = GLy(OF,). Denote by M, := M, k the functor that assigns
to any locally Noetherian O-scheme S the set of isomorphism classes of tuples (A, A\, a), where

(1) A, X is a c-polarized HBAS over S with real multiplication by Op,
(2) a is a KP-level structure, and
(3) mQ 4 is a locally free O ®z Og-module of rank 1.

For sufficiently small KP, this functor is representable by an Op-scheme of finite type, which is
moreover smooth. Let 7 : A. — M, denote the universal abelian scheme over M.. We have a
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natural direct sum decomposition

w:=mQu M, = EB Wy
T F—=R

where each w; is line bundle on M..

Note that M, has an action of O;’Jr, namely by sending (A, \,a) — (A,u\, «) for any
u € OF". This action is trivial on the subgroup (K N Of)2. From now on, we will also K7 is
sufficiently small so that the action of A := O;’+ /(K N O}x)? is free on geometric points.

Denote

She := M. /A,

and the Hilbert modular variety is defined as the disjoint union
Sh := ]_[ Sh,.
¥

Each line bundle w, descends to a line bundle on Sh. Moreover, we have another line bundle on
M., €., defined as follows.

Consider Hjp(Ac/M.) = R'm.Q 4 /pm., which is locally free of rank 2 over O ® Oy, Then,
the exterior product

2
€= /\ Hip(Ac/ M)
Or®0pm,
decomposes into a direct sum of line bundles €., each of which is trivial, but which has a
non-trivial Op-action. €, also descends to a trivial line bundle on Sh.

3.1.1.  We will choose a toroidal compactification of M., denoted by Mt associated to some
fixed smooth rational polyhedral admissible cone decomposition for each cusp of M,. (This does
not depend on ¢.) The action of A extends to M.

Like before, we let Sh®" denote [T, Mt /A, the union of quotients by the action of the group
A. The boundary divisor D = Sh'*" — Sh is a divisor with simple normal crossings.

3.1.2. A paritious weight & is a tuple ((k;)rex,w) € Z* x Z such that x, = w (mod 2) for
every 7 € .. For an integer n, we write n = (n,...,n).
For any paritious weight x, we have a line bundle

w—kr
wh = ®w§”f Rer 2 .

TEX
The coherent cohomology groups of weight x are the groups

H*(Sh™" w%), and H®(Sh*",w(—D)).

Note that while the compactification Sh*" clearly depends on the choice of the smooth rational
polyhedral cone decompositions, the cohomology groups defined are in fact independent of this
choice. Indeed given some refinement rational polyhedral cone decomposition, giving rise to
some other toroidal compactification S~htor, we get a proper map Sh'" = Sh'’ and the derived
pushforward of the associated line bundles @2 and @%(—D) along this proper projection is simply
the line bundles w® and w®(—D), hence the cohomology groups are isomorphic [Lanl3, Lemma
7.1.1.4].
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3.2. Ekedahl-Oort strata. We recall some definitions from [TX16] about the Ekedahl-Oort
stratification on the mod p Hilbert modular variety, and the structure as an iterated projective
space bundle over some quaternionic Shimura variety. From now on, we will denote by S the
special fiber Shﬁp

3.2.1.  The Verschiebung map on the universal abelian variety A/ M, 7, induces a map on line
bundles
w — w®),

which, under the decomposition w = Gw, using the Op-action, induces for all 7 € ¥ homomor-

phisms

hr:wr — w?ﬂT

Here o is the Frobenius map on X, and acts as a cyclic permutation on each Y. This map then
defines a partial Hasse invariant h, € H O(McjpwfflT ® w?~1). Thus, for every 7, we have a
closed subscheme of M ¢Fy which corresponds to the vanishing locus of h,. Taking unions over
all ¢, then taking quotients, we obtain a closed subset S, C Sth. Then Goren-Oort [GOO0]
prove that these closed subschemes are actually smooth, and for any 7 # 7/, S; and S.. intersect

transversally. Indeed, for any I C X, we can consider
St = m’TEIST7

which is a smooth closed subscheme in S of dimension d—#1. Moreover, Goren-Oort [GO00] also
show that these strata are closely related to another stratification on the Shimura variety, namely
the Ekedahl-Oort stratification. Indeed, we see that Goren-Oort strata are simply closures of
Ekedahl-Oort strata.

Observe from this description that the normal bundle of the regular immersion S;/S is exactly

Nss =P Lr s,
Tel

Xp —1
o~ 1r ® W§ :

Note that the partial Hasse invariants extend to the toroidal compactification S'*", to define

where L, = w

closed subschemes of S'°". However, we see that the vanishing locus of h, in S*" is still just S;,
and entirely contained in the open Shimura variety.

Moreover, Sy has the structure as some kind of iterated projective space bundle over a quater-
nionic Shimura variety, the structure of which we now recall.

Theorem 3.2.2 ([TX16, Theorem 5.8]). There is some set Iy such that Sy is a (P*)#17-bundle
over a quaternionic Shimura variety Shp,.

3.3. Generalized Goren-Oort strata. We recall in this section the descriptions of generalized
Goren-Oort strata from Tian-Xiao [TX19], and relate to each set I C X, a generalized Goren-
Oort strata of codimension #1.

Let I :={r € I : 0717 ¢ I}. In this way, we see that we can partition the set I into sets of
consecutive elements in I, and elements in /T are the first element of such sets. By construction
I™ cannot contain any consecutive elements.

Following Theorem [3.2.2} we see that the set S I+ is a P#I bundle over a quaternionic Shimura

variety Shp,, where here By is the quaternion algebra ramified at {7,017 : 7 € I;"}. Consider
now the set 7, which is constructed as for I;" from the set of unramified places of By: we
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partition the remaining elements of I into consecutive elements, and take the first element of
each subset. The Goren-Oort strata Sh BuI of Shp, given by the vanishing of the partial Hasse

invariants for I2+ . We now observe that Sh B} is also some projective space bundle over a
smaller quaternionic Shimura variety.

Thus, we see that we can iterate this construction for n = 2,3 ... until we get the first ¢ such
that IZ.+ = (). Then, we define Y7, the generalized Goren-Oort strata attached to I to be the
preimage in & under all these projective bundle maps of Shp, ;.

3.4. Iwahori level. For every fractional ideal ¢ € € we choose once and for all a positive
isomorphism 6 : ¢p ~ ¢’ of ¢p with a (uniquely determined) fractional ideal ¢’ € €.

Observe that the group Resp/gGLs decomposes as Hp‘p Resp, /g,GLa. Let I, C GLa(Fy)
denote the Iwahori subgroup. We consider now the situation where the level at p is the parahoric
subgroup of the form Iwy = I [],,, GL2(OFy). For a fixed ¢ € € we define the models with
Iwyp-level structure at p, denoted by M. g, (p) as the following functor, which takes any locally
noetherian Op-scheme S to the set of isomorphism classes of tuples ((A, \, «); (A, N, &'); p,¥)
where

(1) (AN, ) € M(S), and (A, N,a/) € M (S)
2) p: A— A and ¢ : A = A® ()" are Op -equivariant S-isogenies satisfying:
(a) both ¢ and 1) have degree p/,
(b) The compositions 1oy and (p®c(c) 1) o) are the natural isogenies A — A®c(c’)~
and A — A’ ® ¢(¢/)~! induced by O C p~! % ()7L,
(c) ¢, are compatible with the polarizations, i.e., ¢ o Ao ¢ = X, where the map X\

1

is (A")Y — A’ ® ¢ induced by composing A\ with the map ¢’ % cp C o,
(d) both ¢ and 1 are compatible with the level structures, i.e., poa =a’ and poa’ =
a® (),
M. (p) is representable by an O, scheme of finite type. Moreover, we have natural projection
maps
p1: Mc,Gc(p) — Mc
p2: Mc,Gc (P) — My,
given by taking the tuple ((A, A, a); (A, N, a/);p,19) to (A, N\ a) and (A', N, ') respectively,
which are moreover proper morphisms.

The group O;*/(K NOF™)? acts freely on M. g, (p), via its simultaneous action on both A
and A’. We let Sh.(p) be the corresponding quotient. Similar to the case of hyperspecial level,
we define

Shiw, = [ [ She(p).
ceC
For each ¢, we have universal isogenies ¢, : A1 = Az and v, : Ay — Ay over the universal

abelian varieties m : A1 = Mg, (p), m2 : Az e = Mg (p).

tor

L. constructed from the
p

3.4.1. There is a toroidal compactification of Shyy,, denoted by Sh
toroidal compactification of M. as constructed by Lan [Lanl3]. Again, as for hyperspecial
level, we may quotient by A, and take the union over all c.

The definition of the projection maps p1, p2 extends to Shyy,, and the toroidal compactification

Shfﬁvrp. From now on, we will denote the mod p fiber of Shyy, by 7}, with toroidal compactification
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Tptor, and thus we have an algebraic correspondence

(tor)
TP

S(tor) S(tor) .

3.4.2. There is a Kottwitz-Rapoport (KR) stratification on Tptor, indexed by subsets I C 3,
defined as follows for all c.
We can consider the map on vector bundles

PP = Wiy = WA, = PIW
induced by the universal isogeny ¢, over M, (p). Taking quotients by A everywhere gives us
a map
Pow — plw
over Sh¢(p). Moreover, decomposition according to the Op-action gives us for each 7 € 3, a
map of line bundles
b7 : Powr — Plwr.
We can similarly define such a map from )., and take unions over all c.
For all subsets I C ¥, we can consider the vanishing locus in 7}, of the product

[Te-ITv-

Tel T¢I

and further the closure of this subset in Tgor. We denote this closed subscheme by X;. Note
that X7 is equidimensional of dimension d.

This closed subscheme can also be defined in terms of the local model for Shyy,, which we
now recall.

1
3.4.3. Let Vp = Z?, with symplectic pairing v given by the matrix <_01 0). Consider the

chain of modules
Vo : Vo = Vi = Vo,
where V7 is also a free rank 2 Z-module, and the map from V; to V1 is given in the canonical
basis by the map e; +— e; if j # ¢+ 1 and e;1 — pe;yr1. (We take Vo = 1)
For every subset () # J C {0, 1}, there is a local model M ; which is the projective scheme over
Z which represents the functor which takes any Z-algebra R to the set of isomorphism classes
of diagrams

Vie®z R —— Vi, ®z R > y Vi, @z R
Fi >Fi1 > .. >Fim

where ig < i1 - < ip are such that {ig,... iy} = JU{2 —1ili € J}, and the modules F; , for
0 < j < m, are rank 1 locally direct factors of V;; ®z R, which are self dual with respect to the
perfect pairing induced by 1 (i.e. FQL_ , = Fj for all i € J). When J' C J, there is an obvious
map M; — My given by forgetting the modules Fj for j € J\J'. Moreover, there is a canonical
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identification of Mgy ~ M) given by taking Fy to be Fp, via the tautological identification of
Vo and V;.

3.4.4. The special fiber of the local model embeds into the affine flag variety (affine Grassman-
nian), which is defined as the following. Let Vo = F,[[t]]?, with symplectic pairing given also by

the matrix ( 0 1 (1)> Similarly to above, we now consider the chain:

V.:VO*)V1%V0

where V) is also a free rank two F)[[t]] module, and the map from V; to Vi1 is given in the
canonical basis by e; + e; if j # i+ 1 and e;41 — pe;ir1. (We take Vo = V). For any subset
§ # I C {0,1}, we let V7 be the subchain of V, where we keep only the modules indexed by
elements 4 such that either ¢ or 2 -7 is in J. Let LG denote the loop group of GL3 over F),. The
group LG acts on the chain V, via its action on Vy (as a lattice in Vo ®p, () Fp((?))), and for
each subset J as above, we let P be the associated parahoric subgroup. The affine flag variety
is ]:J = LG/PJ.

We can identify the special fiber of the local model M ; with a finite union of P orbits in
Fy. Indeed, we have a map M — F,. Indeed, for any F,-algebra R, an R-point of M ; gives,
for every i;, a rank 1 locally direct factor F;; of V;, ®z R. This uniquely determines an R[[t]]-
submodule Fi of Vi, ®r, R which is locally free of rank 2, and containing tVi; ®r, R, such that
the fiber of over the closed point {t = 0} is Fj,. The chain F, determines an R-point of 7.

The main result about local models is the following theorem:

Theorem 3.4.5. Let P (resp. 751Wp) denote the universal G¢-torsors over Sh (resp. Shry,. We
have a commutative diagram

(3.4.6) Shyy, P w1} g, Moy

[lres, M
J/ / \ lm
Sh [1 Moy

where the left arrows are both G°-torsors, and the right arrows are G¢-equivariant. Moreover,
these maps extend to the toroidal compactification.

3.4.7. Let W be the extended affine Weyl group of GLa. Concretely, this is the semi-direct
product of the finite Weyl group W and the cocharacter group X, (7'), where T is the diagonal
torus in GLg. It contains as a subgroup the affine Weyl group of GLg , which is a Coxeter group
with simple reflection s; and one affine reflection sg. For each subset J as above, we have a
finite subgroup W, of W generated by the simple reflections s;, i € J. The P; orbits in F; are
parametrised by the double cosets WJ\W/ Wy . The orbits included in M ; are parametrized
by the finite subset Adm (u) of W, \W /W of u-admissible elements as defined in [HRI7, 2.2].

We have two possibilities for I: I = {0}, or I = {0,1}. In the first case, the parahoric
subgroup Pr is hyperspecial. The special fiber M{O} is isomorphic to P!, hence smooth and
irreducible. Moreover, the p-admissible set is a single element.
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We consider now the case of I = {0,1}. In this case, we have the following well known result:

Proposition 3.4.8. The special fiber M{O,l} consists of two irreducible components, which are
both isomorphic to P!, intersecting transversally at a point. Each of these irreducible components
correspond to an open strata for the KR stratification, indexed by the integer 0 < s < 1. For
each such s, a representative of the s-stratum is given by taking

Fo(s) = Fi(s) = (est1),
corresponding to the element diag(tlds, Id;_s, tId1_s,1ds) € LG.

Note also that the open strata for s = 1 corresponds to Uy 1y,,, while for s = 0 it corresponds
to Ufo,1},wp Where w is the non-trivial element of W.

For all I C X,, we may thus also define the open Kottwitz-Rapoport strata X7 C Tgor to be
the preimage, under the maps p, ¢ of the local model diagram, of the product of the orbits

[TUone 1T Yonws 1T Moy < ] Moy T Moy
Tel TEXy—1 T¢X, TEDY TESp

The closures of X7 is the closed subscheme X; previously defined.
The local model diagram immediately gives us the following result.

Proposition 3.4.9. Tpm]r is a local complete intersection, and the closures of Kottwitz-Rapoport
strata are smooth.

In particular, we may study individual X7 in 7, ptor separately, and we have for all I algebraic

X7
pV {1},‘1

Stor Stor.
The local model diagram (or rather the commutativity of (3.4.6])), which allows us to understand
the projection maps p1, p2 in terms of maps of local models, gives us the following result

correspondences

Proposition 3.4.10. The projection maps pi,ps for Tptor and p1,1,p2,;; for I C X, are lci
morphisms.

In the following section, we will define cohomological correspondences supported on TptOr and
Xr.

4. COHOMOLOGICAL CORRESPONDENCES

In this section, we recall the construction in [FP2I, §2] of Hecke operators acting on the
cohomology of coherent automorphic bundles. We fix for the entire section a smooth base
scheme S, and assume that all schemes (unless otherwise stated) are S-schemes. All functors
®,*,! are derived functors in the derived co-category Dgcon(X) of quasi-coherent sheaves on
some S-scheme X.

4.1. Preliminaries.
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4.1.1. Recall that for any morphism of schemes f : X — Y, f is called a local complete
intersection (lci) morphism if locally on X we can factorize f as the composition

fixszly
where i is a regular embedding and f’ is a smooth morphism. We also recall that if f is lci, then

the relative cotangent complex Lx/y is a perfect complex, with amplitude [—1,0]. Moreover, if
f is proper,then we know that the dualizing sheaf f'Oy is equal to detLy Y-

4.1.2.  We now construct fundamental classes for proper lci morphisms of virtual codimension
0. These are global sections of the dualizing sheaf f'Oy. Since L x/v is perfect, we can choose
a presentation as a complex of locally free sheaves. In fact, locally on X we may further assume
that the Lx/y is concentrated only in degrees —1 and 0, and thus locally of the form

F*=[F % R).
Taking determinants, we have (locally) a map

det Ffl M det Fo

which glues to a global section in H°(X, f'Oy), since the section on each local neighbourhood
is independent of the choice of resolution F**, as shown in [Sta23, Tag OFJI]. Now, note that
f*Oy is a complex concentrated in negative degrees, and we have the truncation map

[ Oy = 77°f*Oy ~ Ox.
We thus define the fundamental class as the composition
@X/Y : f*Oy — Ox — det]LX/y = f!Oy
in Dy.(Ox). Observe that any map
f*Oy = fOy

in Dy(X) must factor through the truncation map f*Oy — 729 %Oy, because f* is left t-
exact, while f' is right t-exact. Thus © x/y uniquely determines (and is determined by) a map
Ox — f'Oy, i.e. a global section of the line bundle f'Oy.

Moreover, note that if we also impose the additional assumptions on f: X — Y as in [FP21]
Prop 2.6], then what we have constructed agrees with the definition in [FP21, Prop 2.6]. Indeed

since Ox/y is determined by its restriction to some open subset U C X, and by shrinking U
sufficiently, we may assume that there exists some V' C Y such that U = f~!(V), and both U, V/

are smooth over S. Then both F**[y and [Q/g LN Qys] are resolutions of Ly /v, and hence,
again by [Sta23, Tag OFJI|, the determinant is independent of the choice of resolution, so the
element of H(U, f'Oy) defined is the same.

4.1.3. Now, suppose we have an algebraic correspondence, i.e. we have schemes X,Y, W and a

VRN

X Y

diagram



14 SI YING LEE

such that the maps pj,p2 are proper (but not necessarily finite). Let F € D;:Oh
G e D'  (Oy).

qgcoh

(Ox) and

Definition 4.1.4. A cohomological correspondence from (X,F) to (Y,G) is the data of an
algebraic correspondence W over X and Y and a map in Dyeon(Ow)

Tw : p3(F) — pi(G).

Equivalently, by adjunction, this is map Ty : p1.p5(F) — G.
Observe that a cohomological correspondence induces a map from RI'(X,F) — RI'(Y,Q),
defined by composing the maps

p1,

RU(X, F) 2 RO(W, psF) ™ RO(W, piG) 224 RT(Y,G)

4.1.5. Given a commutative diagram

2

X 2w 2o
(4'1'6) lfx J/fw lfy
Xo 2= Wy 5 Yy

where all the vertical maps are proper, we can decompose the left square as
Wi
\‘
X1 XH)‘(Q W2 L) X1

o]

W2—>X2

2

q2

q1

where we note that since fyy is proper, so is a. Thus, applying base change along the Cartesian
square and adjunction for a* gives us a map

Do(fxsF) = a1xa5F — atcaxa*asF = fiyqsF.

The same construction applied to the right square (where here we now apply adjunction for a'
instead) gives us a map
fw+diG = prefy G-

Definition 4.1.7. Given a commutative diagram as in (4.1.9)), the pushforward of the cohomo-
logical correspondence Ty, : g5 F — qllg along fyr to Ws is defined as the composition

Tw, = fiTw, := pZ(fX*]:) — fW*q>2k]: - fW*q!lg — pl*fﬁ!/g'

Observe that if S = Spec A, and we let the bottom row in[f.1.9be Xy = Wy = Y2 = S with all
the vertical maps being the structure morphism, then there the endomorphism of cohomological
complexes RI'(X1,F) — RI'(Y7,G) induced by Ty, is exactly the same as the pushforward along
the structure morphism W; — S.
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4.1.8. We can also define * and !-pullbacks of cohomological correspondences. Again, assume
that we have a commutative diagram

2 q

W, ——Y
lfw lfy
Wy 2 vy
where the right square is derived Cartesian. Then, we can define the x-pullback of the bottom
cohomological correspondence Tyy, : p5F — p!lg as the composition:

fivTw, : GIXF = fiypsF — fvpiG — ¢ f3 6,

where the last map comes from adjunction applied to the base change isomorphism along the

2

X, <2
(4.1.9) ifx
Xy <2

right square. The induced maps on cohomology complexes are also compatible in the sense that
we have a commutative square

T,
RI'(Xy,F) — RI'(Y3, F)

Lo

T
RT(X4,F) TivTwe RL(Y1,F)

Similarly, if the left square is derived Cartesian, then we can define the !-pullback of the
bottom cohomological correspondence Tyy, as the composition:

! ! | | ! 1 pl
SfwTw, : ¢ fxF = fwpaF = fwn9 = a1fy 9.
where here the first map follows from the base change isomorphism along the left square. We
also hence have a commutative square

Tw,
RT(X9, F) — RI(Y3,F)

[P

T
RT(X1, F) TiyTwe RL(Y1,F)

4.1.10. Let C, D be two algebraic correspondences given as follows,

C D
BN 2N
X Y Z
with cohomological correspondences T : pjF — pég and Tp : p5G — p!lH. We can form the

derived fiber product C' x]{; D which fits in the diagram

C x¥D

2N
e T
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If we let go = pg o f, g1 = p1 © g2, then we can define the composition as
1A ()0 L
FPuF = ['p3G — gpaG = g miH,
where (x) is induced by adjunction from the proper base change isomorphism for coherent sheaves

9« [* =~ p5p3.. Note here that it is important that we take the derived fiber square for the base
change isomorphism to hold in general.

4.2. Hecke operators at p. We now recall the construction of the Hecke operators acting on
the Hilbert modular variety from [FP21, §4] and define, for each paritious weight x = (kg, k)
the normalized Hecke operators T}, S7'.

Consider the Hecke correspondence associated to the double coset

GLy(OF,) (p 1) GLy(OF,).

Observe that this corresponds to the Hilbert modular variety Shyy, of parahoric level Iwy as
described in Section @ We may define the naive 7, Hecke operator as the composition

-1

TRoive : phut = piwt - phus,
where the second map is given by tensoring with the fundamental class associated with p1, which
is constructed as in since from Proposition [3.4.10] we see that the projection map p; is
proper and Ici.
However, we observe that the map Tp”ai”e may not be optimally p-integral, and we may
construct the normalized Hecke operator T, as follows. Let

kr +w w— k,
N = -1 .
Zmax( AL )

TEL)

The map p" - Tp”ai”e is clearly well defined over the generic fiber Shfﬁfp@p, and in fact [FP21
Theorem 5.9] shows that this map extends integrally over Sh**". Thus, we have a map

N ive . !
Ty :=p T pow™ — prw™.

Since we will need it later, let us give a more concrete description of 7T}, over the open subscheme
X7 of the mod p fiber, using the local model.

We first observe the following from the description of the change-of-level maps between local
models:

Proposition 4.2.1. The map between local models w1 : Ugg 1y, — Myoy is locally an isomor-
phism, while the map 1 : Ugo,1y,w, — Moy is locally given by the relative Frobenius morphism.
In particular, we see that in the first case the map on differentials dmy is the identity, while in
the second case the map s zero.

In particular, this allows us to calculate the normalization factors on each open X7, which
corresponds through the local model diagram with []_.; Uo1,up HT¢I Uo,1,u-

Proposition 4.2.2. The map Tp|X}: can be written in the form
p" B : pht = pyw’

4.2.3.  Moreover, following [FP21l §6.7], we also observe that the map of vector bundles piw® —
pjw® induced by the universal isogeny can also be described using a map of line bundles on the
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local model. More precisely, attached to k we can define the line bundle over Mgy, £,. We have
two maps from Mg 1) to Mgy, namely the projection 71 and the composition of the projection
map to Mgy with the isomorphism to My, and we have the map

naive

] *
" sy Ly = oL,

which is locally given by multiplication by p, while on Uy 1 ., it is given by the identity.
Let £ denote the generic point of Uy ,. Over the completion OM{O,l},g at &, we see that the
map T}, can be written as a normalized isogeny map

Q= p“T_loz"“we s oLy — oLy

since the projection map 7 is an isomorphism. On the other hand, if we let & denote the generic

naive

point of Up 1 ,, then we see that the map o}

is locally an isomorphism (indeed, it is in fact
the Vershiebung map), and thus 7}, can be written as the tensor product of Q"¢ with a map
obtained from the inverse Cartier isomorphism. More precisely, we see that locally the map on
differentials of the relative Frobenius map is given by dz — pdzP~!, and we see that the Cartier
isomorphism is given, by definition, locally as the map dx — dzP~'. Moreover, by the Kodaira
Spencer isomorphism, we have
Q%h =~ O w72'7
and hence we see that we can write 3 as

ke v—1
dﬂ-fﬁ,ﬂ,2®7rlc

i
5L 25 T Ly = T Lo @ T Lo T Lyg—2 ® 7r!1£2
4.3. Composition of Hecke operators at p. In order to gain a geometric understanding of
composition of Hecke operators at p, we have to consider a larger space which parameterizes all
isogenies, not just those of degree p.

Definition 4.3.1. Let p — Isog!® denote the moduli space over M'" parametrizing p-power
isogenies of semi-abelian schemes respecting Op-action.

By construction, we have projection maps s,t : p — Isogt® — M.
Proposition 4.3.2. The maps s,t are local complete intersection (lci) morphisms.

Proof. For the open Shimura variety and the open scheme p — Isog, this will be established in
forthcoming work with Keerthi Madapusi [LM]. For the cusps, observe that since the p-power
isogenies clearly preserve the cusp labels, we see that this follows from observing that all the
cusps are ordinary, and hence locally around the cusps the maps s,t must also be lci. ]

4.3.3. We now consider how composition of Hecke correspondences relates to composition of
the support of the underlying algebraic correspondence. Recall from [LM] that we also construct
the following derived composition map, which is a proper map

c:p—Isog x]é‘hp—lsog — p — Isog.

In particular, observe that we can think of the composition 7} o T}, in the following way:
Since T, C p — Isog is a union of connected components, we may, via pushforward of the T,
cohomological correspondence along the closed immersion ¢ : T, — p — Isog ® F), (as in §7)
obtain a cohomological correspondence supported on the diagram below, which we denote by
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T g to make it clear that we are looking at correspondences on the entire p — Isog ® IF),.

p — Isog @ IF),
% X
) S
Note that by construction the cohomological correspondence Tg is zero outside the closed
subscheme T},. From §? The composition Tg o T]g is hence associated with the diagram

p — Isog xﬂs‘h p — Isog
% x
S S
If we now further pushforward T}f oT, 5 along the composition map ¢, we see that the composition

c*(T[E1 o Tg ), which we see must be supported only on the cycle-theoretic composition 7}, - 7;,. In
fact, this argument also shows the following:

Proposition 4.3.4. The support of any Tt € Ho(G) is the cycle Ty € Ch?(p — Isog).

5. HIGER HIDA THEORY FOR HILBERT MODULAR VARIETIES

In this section, we will recall results of Boxer-Pilloni on a mod p control theorem for higher
coherent cohomology of Hilbert modular varieties, and the associated set up. The results in this
section are all due to Boxer-Pilloni [BP].

5.1. Up r-operators. Fix I C ¥,. We first recall the construction of U, j-operators in regular
cohomological weight. From the construction of T, we observe that for I’ # I, over the open
X7, the map is zero, because the normalization factor on T)| x¢ Is strictly larger than N. Thus,
we may assume that x is such that it lies in the I-dominant Weyl chamber, namely for 7 ¢ I,
kr>2,and for Tt €I, k, < 1.

Observe that since T), is zero outside X, we can apply the following result from [BP22, §2.1.3]
to construct a cohomological correspondence supported on X7j.

Proposition 5.1.1. Let X be a scheme and 1 :Y — X be a closed subscheme defined by a sheaf
of ideals T C Ox. For any quasi-coherent sheaf F over X, we let I'y (F) = ker(F — Hom(Z, F))
be the subsheaf of sections with scheme theoretic support in'Y. Let f : X — Z be a proper lci
morphism of relative dimension zero such that the composition g = v o f is also proper Ilci of
relative dimension zero. Let F be a coherent sheaf on Z. Then ivg'F =Ty f'F.

Note that in [BP22] this proposition is stated for finite flat morphisms, g, f, but the proof
works equally well for lci morphisms of relative dimension zero.

5.2. Geometric Jacquet-Langlands. We now recall how the U, correspondence on the
Hilbert modular variety, can be related to a U, correspondence on a quaternionic Shimura
variety that is of hyperspecial level at p. We will only discuss the case where #1 # #1°.

Firstly, we observe that the projection maps of the algebraic correspondence supported on X;
factor through closed subschemes. More precisely, we recall the following result from [ERX17al
Proposition 4.5].
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Proposition 5.2.1. Let I = {r €I :07 17 ¢ I}. Then m(X;) = SII+.

By replacing I with I¢, we see that the image under 73 is 81;7 where I = {r ¢ I:07 17 € I}.

Observe that since the map p; factors through S I+ and the map ps factors through S - the
cohomological correspondence supported on X; induces a cohomological correspondence T'x,
from (S I piwk) to (S I+ pjwk), i.e. we have a cohomological correspondence associated to the
diagram

X7
S I S I+

We remark that the induced map on cohomology does not preserve the cohomological degree;
this is not an issue.

5.2.2.  We can apply the constructions in to ! and *-pullback the cohomological corre-
spondence, associated with the following commutative diagram:

P21 P11
SI;qu < Xrp —— SI;ulj

oL

q. q
(5.2.3) S 2 xp &

Iy 7 Orurt

| | l

q2 q1
S[; < X] > Il+.

Here, we define X to be the derived fiber product ql_l(SII—U]f), and similarly qé‘l(Sjl_UI;r). By
construction, the bottom right square is derived Cartesian, and so is the top left square. Now,
we want to show that the schemes X} and X are classical, and hence in fact simply the usual
pullbacks. To see this, we note that it suffices to show that the underlying topological space of
X7 is a closed subspace of X of codimension #Il+ , while the underlying topological space of
X711 is a closed subspace of X of codimension 2#1 fr . This is because both inclusions

!/
X1, X7 — X1,

are quasi-smooth locally closed immersions of (possibly derived) schemes. Moreover, we note
that the underlying classical schemes Xfll and X }Cl are simply the usual pullbacks, so it remains
to calculate the dimension of this usual pullback. This is established in [BP], who show that the

. . . -1 -1 .
dimension of the usual fiber product X7 Xs,, p, X7 is d, hence ¢; (S U Il+) Ngy (S I~u Il+) is of
dimension d — 2#1 1+ , as desired.

In fact, we observe that Xy is a subspace of self-quasi isogenies between points on S, ;+
1 1

whose kernel is of degree p/.

5.2.4. If the projection maps pi 1,p2,1 are not generically finite, then we may consider the
iterated correspondence X12 = X1 XS ,p1,po X1- As mentioned above, this will be of dimension d.
More generally, we let

X}L = X] XSpip2 " XS X],

this will also be of dimension d.
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We can consider a similar pullback diagram as in (5.2.3) with X; = X} replaced with X7. We
denote the projections by p1, and pa,. Our first observation is the following theorem, which
generalizes Proposition [5.2.1

Theorem 5.2.5 ([BP]). The closed subschemes p1,(X}) and p2,(X}) are generalized Goren-
Oort strata (in the sense of Tian-Xiao [TX19]) of codimension #1, and which intersect transver-
sally. Moreover, there is some positive integer N, depending on I, such that

PLa(XT) = pin(XT)  p2a(X]) =pen(X))  foralln> N.

Now consider n > N. Let Y7 := p1,(X7}), and Yre := po n(X}). Let Z; :== Y7 N Yje. Denote
by X[ = pl_ﬂllZ[, and Z7 = p;jnl(Z[). We thus get a diagram

q2,n

q1,
Z[ Z}L “ > Z]

L, b,

(5.2.6) Yie <20 xm 2y 7,

Lok ]

p2, p1,
Yie 2 Xp =" V7.

5.2.7. Moreover, we can also consider the commutative diagram of maps

12,1
Z; —— Y]

(5.2.8) lm lu

Y[c L}S

Observe that this square is derived Cartesian. As in the case of n = 1, we can do base change
along the rows of , since the bottom right and top left squares are derived Cartesian. If
we *-pullback the bottom row to the second row, then !-pullback the second row to the top row,
we get the following cohomological correspondence supported on the top row:

A T B Ve ok el oxox % ox 1 rn oo k)
Tzn : @aptiptow”™ = ['Poplow = [ G075 ptow = 197D ptiw = [P1 pla 1010 = q) plo 10 W-

Moreover, we observe that base change applied to implies that we have an isomorphism
L51 tw =~ L!172L§w. Moreover, if we let ¢ be the codimension of Y7 in S, with normal bundle N7 4,
then we observe

L;lb!lw ~ L!LQL;Q) ~ w"|z, @ det N7 4[]

is in fact a vector bundle in degree —c.
5.2.9. We now observe that we have a commutative diagram

RT(S,w") —2 RT(Yie, tjw") =2 RT(Z;,w"|z, ® det N7 4[c])

(5.2.10) JU;I FX? \ sz?

RT(S,w") < RU(YV7,dw") —2s RT(Z1,w"|z, ® det N7+ [d]).

Indeed, we see that by construction the left square is commutative. To show that the right square
is commutative, we see that the composition ¢3, o T'xr is given by g*Txp, while by construction
Tzp is the composition g*TX? 011,21
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5.2.11. We now want to show that the map Tzn agrees with a Uén—operator acting on some
quaternionic Shimura variety Z;. To see this, we first observe that the underlying algebraic
correspondence agrees:

Theorem 5.2.12 ([BP]). Z; is isomorphic over F,, to the mod p fiber of a quaternionic Shimura
variety Shp g with the same level K C GL2(Ay), and the correspondence Z} agrees with the
closure in X7 of the correspondence given on the p-ordinary locus Z37 by the isogeny associated
with the element given by

(3 ) (b)) < ot

Moreover, under the isomorphism Zr ~ Shg, 7 , we have

(1) The vector bundle w™|z, ® dety;, | is isomorphic to a line subbundle of the automorphic
vector bundle with weight k; = (kl,w") where w' = w — #I,

k, ifr ¢ J
K.=Ck:—2 ifredré¢l
—k: ifred,Trel.

(2) The cohomological correspondence Tzr agrees with (UZ{)”, where U;{ denotes the classical
U, operator acting on coherent cohomology of Shp, and regular weight k.

This quaternionic Shimura is associated with the quaternion algebra B over Q which is ram-
ified only at a set of real places J C X of even cardinality. J is defined in terms of a paranthesis
diagram: We view ¥, as a cyclic set, and for each 7 € ¥, is 7 € I, we put a ‘(" at the 7 place,
otherwise we put a ‘). Then the set J corresponds to the set of unmatched paranthesis in X,.

Since we will use a similar argument in a later section, we sketch the main idea of the proof
here. To check the equality of cohomological correspondences, it suffices to check over the p-
ordinary locus Z5. Moreover [BP| show that Z7 in fact corresponds to a central leaf in S, and
the corresponding open Z}Z’O C Z} in fact lies entirely in the open X?’O corresponding to the
iterated product X7 x5 --- xs X7 of the open KR strata.

To see this, we first observe that we can understand Tz» as the n-fold self composition
of another cohomological correspondence T 715 defined as follows. Starting with X;, we may
consider the correspondence obtained via sucessive iteration in the following sense: Set r1 9 = p1,
9,0 = p2, and define Sy :=r1,0(X7) N720(X1), and Xp = rié(Sl)ﬂ = rié(&). If the induced
projection maps r1.1,72;1 : X1 — &1 are not finite, then we may repeat this procedure and let
Sor=r11(Xr1)Nre1 (X)), Xio = rfj(Sg)ﬂ = 7‘5% (S2) and so on. Observe that for the same
N as in Theorem we have that the maps r1 n,72 v are finite, and moreover we see that
Sy = Z;, Z}V ~ X1 N Xz, -+ Xz, X1,N, where we take the N-fold self product.

Thus, it remains to show that the cohomological correspondence T, , induced on Xy y via
successive * and !-pullbacks and identifying Z; with a quaternionic Shimura variey is the UI{—
operator. To see this, we recall from the local description of U, ; over the open X;. For
simplicity we will explain this for subsets I such that N = 1 and the argument works in general.
We further assume that #1 < #I°¢, since this entire construction commutes with taking Serre
duals everywhere, and we have Z; = Zj.. Moreover, under this assumption we have I C J. Let
Z]  denote the open preimage of Z7 in Zj n. We first observe that we have a commutative
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diagram of local models

Z}),N PI H7—¢JUO,1,T,H

|~ T |

X7 [TVamn IT Vorrn] [U017n

T¢J TeJ\I Tel

where the left square is Cartesian. Let { be a generic point of X7, and £; be a generic point of
Z7 n mapping to {. The local model and the description of T x¢o at § from implies that
the pullback f* g*T'xe restricted to &y is simply given by

H ar ® detN1,+|§I.

T¢J
Note that N7 1 [¢, is a one-dimensional subbundle of the trivial rank 2 automorphic vector bundle
Lr|¢;, for 7 € J\I, and hence U}{ |¢; is an isomorphism on the 7-part.

We remark that the normalization factors for U, ; and Ué are still the same as the extra factor
of p#! is subsumed into the action on the determinant bundles ;.

5.2.13. As a consequence of the commutative diagram , and compatibility of U -
operators, we see that we have a commutative diagram
RT'(X,wt) —— RI(Zy,whr)
lUM lU;
RT(X,wt) —— RI(Z,wkr)

Moreover, these maps induce an isomorphism of ordinary parts, and we have the following mod
p control theorem:

Theorem 5.2.14 ([BP]). Suppose that the weight r satisfies for all T ¢ J k; < —1, or k. > 3.
Then if #1 < #I¢, we have isomorphisms

e(Up,1)RT (X, w") ~ (U} )RT(Z1,w") ~ e(U})RT(Z3, w™),
while if #1 > #1¢, we have isomorphisms
e(Up, 1) RT(X,w") ~ e(U})RT(Z1,w") ~ e(U})RT (23, w"),
where RT'(Z37, —) is cohomology of Z; with compact support as defined in Hartshorne [Har7l1].

This result implies that in the case #I < #1¢, we can restrict a class to the open Z7 to show
that it is ordinary.

6. WEIGHT-SHIFTING

In this section, we will show that given a cohomological class v in H*(S,w!), there exists
some set of partial # and Hasse operators such that we can shift v into a cohomology group with
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regular weight. We will then use this set of weight shifting operators to determine which U, 1
operator to apply to v.
To see this we first recall the Cousin complex, introduced in [BCGP21], §4.2.30].

6.1. Cousin Complex.

6.1.1. Let S be a smooth scheme over a field k and let £ be an invertible sheaf on .S. We assume
that we have n non-vanishing sections of line bundles s; € H%(S, £;), and we set £ = @7, L;.
We denote the divisors D; = V(s;), and note that D; are effective Cartier divisors on S. Set
s = Hle si. Set D = V(s) = U;D;. We further assume that D = U;D; is a strict normal
crossing divisor on S.
For all m, consider the following exact complex of coherent sheaves on S

n
02055 L™ EPLm/(s7) = @ L7787 = L7(sT. .., s7) =0,
i=1 1<i<j<n
where for 0 < k < n, the object placed in degree k + 1 is
& LY CANO
1<ip <--<ipg<n

Here, when we write £™/(s{", ..., s]!), we mean the quotient L™ /L™ (s{" L™, ..., s]'L; ™). The
differential maps take a section (fi,, i, )1<i,<--<i,<n to the section

E —1DEf .
( ( ) f117...72j,...,lk+1 1§i1<"'<ik+1§n

where f is the class modulo s7" of f;

21+ 72]7 k41 1<i1 < <igyr1<n ,...%j,...,ik_,_l'
We then have a commutative diagram:
. rm+1 n m+1 m+1
o |
m N n m m
0 Os L > @R LT (sT) —— ...

Passing to the limit over m, we get the following exact complex:

O—>05—>hm£m—>hm@£m/ i) — lim @ L™(s{,s]') = ...
m =1 m 1<i<j<n
— Hm L"/(s7", ..., 54") = 0

where in all the direct limits, the transition maps are given by multiplication by powers of s.

6.1.2. We now specialize to the situation where S = S, the mod p fiber of the Hilbert modular
variety, and the s; are the d partial Hasse invariants. Observe that D; is hence the Goren-Oort
strata S;. The sheaf £ is thus the Hodge bundle ®,w;,. For a set T' C 3, we let

Sp =S\ Upi5r S

which is also the associated Ekedahl-Oort stratum. Ekedahl-Oort strata in the minimal com-
pactification are known to be affine, following [Box15] and [GK19].
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We thus observe that for any subcanonical automorphic vector bundle V(D), the sheaves
V(D) ® £|5:op are acyclic, and thus have vanishing higher sheaf cohomology. For every sheaf V),
the Cousin complex is thus defined to be the following complex, which we see will be quasi-
isomorphic to RI'(S,V(D)).

lim H(L™ @ V(D)) — im @ H (L™ @ V(D)/(si")) = lim @) HO(L™ @ V(D)/(s]",s])) = ...
m m =1 m 1<i<j<n
— lim HY(L™ @ V(D)/(sT,...,sT)
We now specialize the the case where V is the vector bundle of weight one. We will consider
v € HI(S,w!(D)), which we assume to be Eisenstein, and thus we can freely apply Serre duality.

Proposition 6.1.3. Let v € H(S,w!(D)). There is some subset T of size d — j (depending on
v), such that if we take hr := [[,c; hs, the image hr(v) is non-zero.

Proof. Our first observation is that, from the Cousin complex, there is some minimal positive
integer m such that we may represent v as an element

(frye @ HAL™/(WE,....B2).
T'={11,...,T; }CZ

Let T" be some subset such that fr» # 0. We claim that we can take T'= X\T". To see this, let
Y = S8\ (UrerrSr). We may consider the Cousin complex associated with this scheme Y and we
also let the sections s; be the partial Hasse invariants in 77. We want to show that the image of
v under the restriction

HI(S,w') = HI(Y,w!ly)

is non-zero, this amounts to showing that there is no element in
0 .
P HE L/ R )
Ti

whose image under the differential maps is f7v. Observe that if such an element existed, then
we would be able to express v as some

0/ pm m m
(f) € P HO(L™ (R, B,
T'={11,...,T; }CZ
where f7., = 0. However, such a property cannot hold for all subsets 7" of size j, unless v = 0. [

In fact, we can also show the following:

Proposition 6.1.4. For the same set T as in Proposition|6.1.5, we have that v lies in the image
of the map

HI(S, L7 @w!) — HI(S,w?).
Proof. This follows from duality, assuming the class v is Eisenstein. O
6.2. Partial Theta operators. We recall the construction of various theta operators acting on
coherent sheaves mod p following [EFG™21] (modified to the current setting of Hilbert modular

varieties), whose restrictions to various Goren-Oort strata are, up to a constant depending on
the automorphic weight, the theta operators defined in [ERX17al.
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6.2.1. Over the locus given by the non-vanishing of h,, we can construct a splitting of the
Hodge filtration
0 — w, = H, — Lie(AY), = 0
by considering the composition of the maps
H: i W§71T £> Wr,

where the non-vanishing of A, allows us to construct the last inverse map.

Recall that we have the Gauss-Manin connection (which decomposes according to the Op-
action),

V; : Sym*(H,) — Sym*(H,) ® Qt

and by Griffiths transversality we see that
V(wr) € F*H (Sym*(Hr)) @ Q7.

where FF=1(Sym*(H,)) = im(w* ' ® H, — Sym*(H,) is the k — 1-th piece of the Hodge
filtration. Moreover, we can apply the Kodaira-Spencer isomorphism to get

1.2
Q. ~w;.

We define 6 for k£ > 1 as

0r :wh s H, AN FF1(SymF (H,)) @ 0L LN Wl WP ®Ww?,

0'71’7—
Proposition 6.2.2. The restriction 0;|s_ is k, times the 0 operator defined using the Kodaira-

Spencer isomorphism in [ERX1Tb]. Thus, if p 1 kr, we have 0 is an isomorphism of vector
bundles on S,. Otherwise 0, is zero.

Proof. This follows by observing that when we restrict V; to S, this is after tensoring with h,
exactly the Kodaira-Spencer isomorphism on S-. Thus, 0, being an isomorphism follows exactly
as in [ERX17Db]. O

Proposition 6.2.3. 0, commutes with multiplication by the Hasse invariant h, for all T, 7.
The key result we need is the following:
Proposition 6.2.4. Let v be as in Proposition . Then for any T € T, we have 0-(v) # 0,

Proof. We want to show that if h-(v) # 0, then 6,(v) # 0. As in the proof of Proposition
we may assume that T” is such that f7v # 0. We want to show that for 7 € T, we have
0-(f7) # 0, to see this, it in fact suffices from Proposition to show that the restriction of
fr to Sty is nonzero.

In order to show this, we will show that fr+ cannot be divided by h,;. We will in fact make a
stronger claim: that the cohomology group H%(S7/, L7 ® L7 ® w') vanishes. This follows from
the main theorem of [Kos23|]. Indeed, we see that for each 7 € T', we see that the ample cone
has a a hyperplane equation of the form

"'+pfko-—l7':i:k7-+...,

where the coefficients of all other k. have absolute value in the set {p,...,pf "1}, and satisfies
that for 7 € T’, the sign of the coefficient of k,; and k,—1,
the automorphic weight corresponding to £7! ® L7 ® w!, it does not lie in the ample cone, and
thus has no sections. O

are different. Thus, we see that for
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In particular, we have the following corollary:

Corollary 6.2.5. For any v € H'(S,w'), there is a set I such that for all T € I, we have
0:(v), hr(v) # 0, and for all T € I¢, we have that v lies in the image of 0 and h;.

6.2.6. For any subset I, we can thus consider the sequence of partial theta and partial Hasse
operators defined as follows. We may partition the set X as follows. If

T ¢, set 7€ Ip 4
rel,ot¢lr set 7€ Ip 4
relotel set 7€ Ij
reN\L,o ¢ T set 7€ Ip 4
reX\,o el set 7€ Iy _.
Thus, for every v € H’(S,w!), there exists some set I such that v is non-zero under the maps
HI(S,wh) — HI(S,wiHo+Th+),

and lies in the image of
HI(S,wtTo-=Ih=) 5 HI(S,wh),
where we abuse notation to denote the weight Iy  as the sum of weights (...,p,1,...) with 1
in the 7 place and p in the o~ place for 7 € Iy + and similarly for Ij, . .
We now want to study the following composition

T,
Tpr: RU(S,w'o="Ih=) - RT(S,w') =& RI(S,w") = RT(S,w o+ Tihry,
which we want to show is supported on the KR-strata Xj.
Proposition 6.2.7. The composition T}, ; has support only on Xj.

Proof. Consider any subset J C ¥,. Our first observation is that if we let pi(X ) = Sy+, then
we must have JT N (Ip+ U Ip4+) = 0. Observe that we know that the map restricted to X,
factors through the pushforward map

RI(S;+,piw') = RI(S,wh),

and observe that the automorphic weight of p!lwl satisfies k, = 0 for 7 € JT, hence we see will
from Proposition [6.2.2] that if 7 € S;+ N Iy 4, then the composition

RT(S;+,piw!) — RI(S,w') & RO(S, w0)
is simply zero. We similarly see that we cannot have 7 € S;+ N Iy 1, since the sequence
RT(S;+,plw') — RI(S,w!) 275 RT(S, wThr)

is exact.

Moreover, we can also look at the generic point & of each X ;. Observe that the pullback of
the 0, operator to & is given by the pullback of the differential operator V.. Moreover, observe
that if we have both 7 € J and o~!7 € J then locally on X the isogeny is exactly given by the
partial Frobenius at 7, hence the composition is zero on the generic point.

In particular, we can look at all four possibilities for 7,017 being in .J or not in J, and we

see that for T; to have support on J, we must have o7 not in J for all 7 € Iy . Otherwise,
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we see that if 0717 € J and 7 ¢ J, then 7 € J*. Moreover, we see that we must also have o~ !7

not in J for all 7 € Ij, 4, because we see that if 7 € Ij, 1, then o(7) € I, U Iy 1, and we can
work successively from the o”(7) which is in Iy ;.

Thus, we see that J satisfies for all 7 € I}, 1 Ulp 4, o717 ¢ J. Taking duals, we can make the
same argument that for all 7 € I, U Iy _, o~ l7 € J. This exactly determines J, and we must
have J = 1. O

We want to prove a similar statement for 7, pQ or other iterated compositions, to do this, we
need to be able to describe the components in more detail, which we will do so in the next
section

7. COMPOSITION OF HECKE CORRESPONDENCES

In this section, we recall results from [Lee2I] about the composition of algebraic cycles un-
derlying Hecke operators.

7.1. Irreducible components of p — Isog. We first recall how to describe irreducible com-
ponents of the special fiber of p — Isog, following [Lee21l, §6.2]. We say that an irreducible
component C of p — Isog ® F), is [b]-dense if the Newton strata C [l is dense in C.

We have constructed in loc. cit. a map

Too : RZ(GL b, )" x JP™7) 5 RZ(G, b, 1) — p — Isog @ kL
where Jéé’m) is a perfection of the Igusa variety as defined by Mantovan.

Proposition 7.1.1 ([Lee21l, Prop 6.2.3]). Every irreducible [b]-dense component of p—Isog @ F),
is the image of some triple (X,Y,Z), where X, Z C RZ(G, b, u)"% are irreducible components,

andY C éé’_w) is an irreducible component. Moreover, the pair (X, Z) is determined up to the

action of Jp(Qp).

In particular, given a [b]-dense irreducible component C' and an element j € J,(Q,), we
can associate another [b]-dense irreducible component which we denote Cj, defined as follows.
Let (X,Y,Z) be a triple whose image under 7 is C, then we define C; to be the image of
(X,Y,j - Z), where we recall that J,(Q,) acts on RZ(G, b, )" by premultiplication by j. We
further recall the following theorem, which allows us to understand the structure of compositions
of components with an element of the Hecke algebra:

Theorem 7.1.2 ([Lee2l, Theorem 7.4.9]). Let f € H(G(Qp)//Ky,Q). Then the restriction
to [b]-dense irreducible components of the composition C - h(f) consists of terms of the form
Too(X,Y,j - Z), where j € Jp(Qp) is determined by the image of f under the twisted Satake
morphism.

As a corollary, we see that when specialized to the Hilbert modular variety, we have:

Proposition 7.1.3. Let C be a [b]-dense irreducible component in p — Isog @ F),. Then any [b]

dense irreducible component in C - T, is of the form C ) or Cppp)-

In fact, for Hilbert modular varieties the proof of Theorem [7.1.2] can in fact be adapted to
show a more refined result, about [b']-dense components for [b'] < [b]. Note if C is [b] dense,
then the Newton strata appearing in any composition C' - D must be [V/]-dense for [o/] < [b].
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Proposition 7.1.4. Let C be a [b]-dense irreducible component in p —Isog @ F,,. Then any [b']-
dense irreducible component in C'-T}, is of the form C’EH)(p) or C:u(u)’ where C" is an irreducible
component with m1(C") C m(C), and mwa(C") C ma(C).

Proof. Tt is clear that mo(C”) C m2(C), we will show this for .

We first observe that the Newton strata in S can be totally ordered, and thus we may enu-
merate the unramified strata [0] < [b] as [b] = [bo] < [b1] < -++ < [by]. We will induct on n.
Consider some irreducible component A appearing in C' - T}, which is [bi]-dense, and suppose
that it is the image under 7 of the form (X1,Y7,Z;). We then look at the image of [X;] under
the cohomological correspondence uc - this has to be the union of some irreducible components
of RZ(G, b, u)™? whose images are all contained in 7 (C). We know that this is true also for
the composition uc.7,. Thus, we see that if C'- T}, contained a [b;] dense component C' whose
image 7 (C") was not contained in 71 (C), then this would imply that the action of the compo-
sition uc.7, on [Z1] would be some formal sum of components, one of which is not contained in
m1(C), since there cannot be cancellation among the terms which are [b;]-dense, hence we get a
contradiction. n

In fact, for the Hilbert modular variety we can say that such components must always appear
as a transverse intersection.

Proposition 7.1.5. Suppose that C' is a component of T}, corresponding to I. Then the com-
ponents appearing in C - T, are all of the form C - C", where C' is an irreducible component of
T, such that pi(C) intersects transversely with pa(C).

Proof. By Proposition we see since p1(X7) =S o that we only need to consider products
C - C'" with C' = Xy for a set I’ with I|* > I;". Thus, we see that I" and I]" are disjoint,
which implies that p;(C) intersects transversely with p2(C). O

7.2. The operator T,». We now want to understand the irreducible components appearing in
the underlying algebraic cycle of the Hecke operator T)», which we define for n = 2 as

T =T, T, —2p" 1.k,
is inductively defined for n > 2 to be

Tpn = Ty - Ty — p (T2 - Lk, ).

Proposition 7.2.1. The cycle underlying Tyn is effective.

Proof. We will show that T},» corresponds to an effective cycle over the generic fiber, from which
the claim over the special fiber follows. To see this, we see that for n = 2, we can write T, as a
sum of left K)-cosets T = 1,5k, + Lo (u) () K, T 2= Lniw(w)(p) Kk, for some n; € N(Qp), from which

we see that the function T}, can be written as a sum of left cosets with positive coefficients, and
more precisely can be written as

Ty = 1#2(1,)}(1, + Z 1niw(ﬂ)2(P)KP’

where we are summing over p*-terms of the form Lnsw(pn)2(p) K, for some n; € N(Qp).
Now, we can proceed by induction on n. To see this, we will show that we have

Tpn = ].Mn(p)Kp + Z ]-niw(u)"(p)Kp’
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where we are summing over p"-terms of the form Lnw(u?(p)K, for some n; € N(Qp). This is
true for n = 1,2, and we can expand the expression for T,n-1 - T}, to verify this for Tpn. Thus,
we see that T is the sum of Kj-double cosets with positive coefficients, from which the claim
follows.

O

In particular, this proposition shows that there is no cancellation of cohomological correspon-
dences occuring.

We now need to describe the cycles appearing in 7}», and we want to show that applying the
partial theta operators and Hasse invariants as in Proposition puts a strong restriction on
the components which can appear in its support. Define the composition

Tyn
Ty s : R(S, w10 ~Tho) o RI(S,w!) = RI(S,w!) — RI(S,w! o+,

Theorem 7.2.2. Let n > N. The irreducible components C' appearing in the support of Tyn g
all satisfy m1(C) =Yy, ma(C) = Yre.

Proof. We will proceed by induction, since the case of n = 1 is simply Proposition [6.2.7] Recall
from the proof that result that there are four for a component C' in which composition with
partial theta maps or Hasse invariants will result in a zero map:

(1) p(C) C S1y 01, .

(2) p2(C) C S1y_uiy,

(3) For all 7 € Iy 1, the isogeny over C' contains the partial Frobenius at 7.

(4) For all 7 € Iy _, the dual of the isogeny over C' contains the partial Frobenius at 7.

To see this, we now consider the case of a component appearing in Tj». Our first observation is
that from Proposition we see that C can be written as the composition

C1-Cy...Cp,
where each C; is some component X7, and we have inclusions
+ + +
IhCcl, .. Iy

Let ' = Cy...C,_1. Observe that if C; satisfies either (1) or (2), then we must have, by
Proposition that C' will also satisfy (1) or (2). Hence, we see that for 7 € Iy U I 1, we
cannot have both 7 ¢ I} and o~'7 € I1, and similarly for 7 € Iy U1}, _, we cannot have both
relhando 7 ¢ L.

To simplify some of the combinatorics, we now represent subsets I using a parenthesis diagram,
as introduced in [BP], and defined as follows. For each 7 € I, we put a ‘(" at the 7 position, and
we match ‘(" with the first *)’ appearing in o(7),02%(7),... and so on. We label each 7 with the
minimal number of matched parenthesis between 7 and its pair.

Suppose that C” satisfies (3). Observe that as long as C), satisfies that the isogeny at 7 is not
the partial Vershiebung at 7 (i.e. if both 7,077 ¢ I), then the composition will also satisfy
(3). A similarly argument holds if C’ satisfies (4), hence as long as C,, does not satisfy that the
isogeny at 7 is the partial Frobenius at 7 (i.e. if both 7,07 '7 € I), then the composition will
also satisfy (4).

We now suppose that C’ satisfies (3) or (4). Observe that we have two possibilities for an
irreducible component C' lying in the product C’ - C),: either

(a) C is [b]-dense, where either C' or C), is [b]-dense



30 SI YING LEE

(b) C is [b]-dense, where neither C’ or C), is [b]-dense

In case (a), we claim that we can express the product ¢’ - Cy in the form C7 for some
J € Jy(Qp) and some component C”. We want to consider two cases separately: where [b] is the
basic element, and where [b] is not basic. Our first observation is that if [b] is basic, then if C’
satisfies (3), so does C”, and similarly for (4). Then, we see that this map j will neither contain
the partial Vershiebung at 7 or the partial Frobenius at 7, and hence the component C7 will
also satisfy (3) (resp. (4)).

If [b] is not the basic element, then we know that j is either u(p) or w(p)(p). In this case,
we see that we can commute C”, i.e. we can write CJ" as either C” - X; or Xy - C”. To see
this, we consider 71 (C”). This is an irreducible component that is a (connected component of a)
generalized Goren-Oort strata. Hence, there is some set J, such that m;(C”) is the generalized
Goren-Oort strata Y. A similar analysis allows us to determine J' such that mo(C”) is the
generalized Goren-Oort strata Y. In particular, we claim that either

e the universal isogeny over X ; contains the partial Frobenius at 7 € Iy ; and the universal
isogeny over C’ does not contain the partial Vershiebung at 7 € Iy 4; or

e the universal isogeny over X contains the partial Vershiebung at 7 € Iy _ and the
universal isogeny over C’ does not contain the partial Frobenius at 7 € Iy _

This follows from analyzing the possible 71 (C"), m2(C”). Indeed, we see that the first case occurs
when 71(C") lies in S, for 7 € I, . Indeed, in this case we have I, = o(J)°. We claim now that
for 7 € Iy ; we must have 7 ¢ JT U J~. Indeed, we see that the set J consists of some groups
of continuous ‘(’, and we take the left-most term of each set of continuous ‘(’. This set must be
contained in I, —~ U Iy . We now want to show that there exists some 7 € Iy 4, such that at 7
we have a ‘)’ instead. We take the 7 with the largest indexed number, and we see that this will
satisfy the desired condition. We also see from the above analysis that C’ cannot contain the
partial Vershiebung at 7.

Similarly, we see that the second case occurs when m(C”) lies in S; for 7 € I, _.

We now consider the case (b). For this, we claim that we will always get a component C' such
that will satisfy either (1) or (2). For n = 2, this follows from seeing that one can write the
composition Xy, - Xy,, and observe that we will have that if 7 € I;r, then all of 7,0 11,0727
does not in I; or o7, 7,0 17 lies in I;. For n > 2, we will have C’ = Xr,,; for some I1, j, and a

similar argument holds, since X, and Xy, ; are related by a Frobenius factor. O
In fact, we can say more about the map T r:
Proposition 7.2.3. The support of Tyn 1 is X p.

Proof. We can look at the restriction to the central leaf, and we see that the map is given by
an element of j € J,(Qp,) which must be either w(p)"(p) or (1)"(p). However, we see that
if it is w(p)"(p), then it will be zero after applying § € Iy as in the proof of the previous
proposition. ]

Proposition 7.2.4. The maps T,n 1 and the composition
RF(S, wl*[@y,ffh’,) N RF(S,wlilg’filhvarIg#JrlhnL) Upn RF(S,wli[g’iilh’iJrIe#Jth’Jr)
— RI(S, wi o+ nty

agree.
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Proof. To show equality, we need to compare the maps over the open Xﬁn. But this follows from

the fact that we have a local isomorphism pjw” = psw” and that pulling back of the differential
operator V; is still a differential operator, which is compatible with the above isomorphism. [J

7.3. Extending the Jacquet-Langlands map.

7.3.1. 'We now want to construct a map which mimics the transfer map we have in except
that we start in an irregular weight (weight one). As in that situation, we want to construct
a cohomological correspondence defined over X;. Note that we have one defined over the open
KR-strata by restricting the T),-correspondence, and we would like to extend over the closure,
to get an actual cohomological correspondence supported on X;. This may not be possible, so
we instead try to construct the diagonal map in the diagram:

RT(S,w") —2— RT(Sp_, tjw") =2 RT(Z;,w"|z, ® det Ny 4 [c])

T,
! iTZ?

T
RU(Z1,w"| 7z, ® det N7 1 [c]).

Thus, we want a correspondence defined over the closed stratum given by pl_l(Z 1) C X1, and
we know that we have a correspondence over p~1(Z;) N X?. Our first observation is that after
applying various partial Hasse invariants or partial theta operators, the map extends, and we
want to show that this implies that the map extends. Moreover, we know that these partial
Hasse invariants/partial theta operators are all isomorphisms on Z7. We want to say that the
locus (py '(V(hy) N Y1) U X)) Np~1(Z9) for 7 € Iy is of codimension at least 2 in p~'(Z9).

Assuming this is true, we see that we can extend the map over pfl(Z}’). This is because we
observe that we can extend the map after pre-composing with 6., and we know that over the
non-vanishing locus of h;, the map is given by the differential operator V,. In particular, we
see that after composing with a differential operator has no poles, hence this must also be true
before composing. Thus, we see that we can extend the map over the locus py ' (Y7\V (h)), so
it remains to observe that since pl_l(Z}’) is Cohen-Macaulay, we will be able to extend this map
of line bundles over p; *(Z).

We now want to show the claim about codimensions. To see this, note that X\ X} consists
of components of the form X; N X/, where I’ and I differ by a single element. It suffices to
show that the each of these X; N X/ is not entirely contained in V' (h;). Observe that we always
have 7 ¢ I, and o~ !7 € I, hence if we want to consider a set I’ with pa(Xp) C V(h,), then the
set I,I' would differ at at least two places.

We denote this induced cohomological correspondence by 15,

7.4. Composition with 7,. We can now further consider the cohomological correspondence
obtained via composing with T}, as the composition

RU(S,w") — RU(S,w") —2 RT(Sn1_,i5w") <22 RT(Z5,w"|z, @ det N7 4[c])

Tp,1
X lTZ;l

RI(Z1,w"| 7z, ® det N7 4 [c]).
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We claim that the induced map from RI'(S,w!) to RI'(Z,w"|z, ® det N7 4[c]) is exactly given
by T, o X7". To see this, we first recall from Theorem the description of the composition
T, X7

Proposition 7.4.1. The [b]-dense components of the product T, - X} is of the form X}‘#(p) and

XL @)

We also want to be able to define cohomological correspondences supported exactly on T),- X7
Our first observation is that the components of T, - X7' are contained in Tn+1. Moreover, from
Proposition we see that the support of the composition Tp» ; must also contain the [b]-
dense components of T}, - X7'. We now claim that; at least restricting to the open [b]-Newton
strata, all these components are actually disjoint.

To see this, we first recall from the description of irreducible components Proposition [7.1.1
that we may write all components as 7o (X, Y, jZ), for some fixed X, Z and letting Y vary over
various connected components of the Igusa variety, and j € J,(Qp). It remains to see that jZ,
for j corresponding to different J,(Q)/Jy(Zp) are disjoint.

In particular, by restricting the correspondence T)», and arguing as in the previous subsection,
we can construct a commutative diagram

RU(S,w") —2 s RT(Sn_, i5w") <2 RI(Z1,w"|z, ® det Ny 4 [])
(7.4.2) o (@xp) I

-
R (Zp,w"| 7, @ det N7 4[c]).

where the dashed arrow is constructed from 7}, - X7. We now claim that the two maps we have
constructed from RT(S,w!) to RT\(Z;,w"|z, ® det N7 4[c]) agree.

Proposition 7.4.3. The two maps

(Tp-X7)
—

RU(S,w") 25 RT(Sn1—, i5w") RU(Z1,0"|z, ® det N7 4 [d])

T, * xXn
RI(S,w") 25 RT(S,w™) %5 RT(Sns—, i50") 4% RU(Z1, 0%, ® det N4 [])

Proof. We only need to check equality on an open, from which this readily follows since we know

that we have equality of supports, and the correspondences are determined by their supports. [

We can also further determine what the map labelled 7 in the diagram is. We first observe
that the underlying algebraic correspondence is in fact just the union of the two p-ordinary

components
In
Upw(p)
In fact, we can now see the following:

I.n

and pwi(p)’

Proposition 7.4.4. The cohomological correspondence inducing the map labelled ‘?” in (7.4.2)
is in fact the sum of two correspondences:

U;’Qn and (p*™).

Proof. Again, it suffices to check over the open. For this, we may argue as in §5.2.11] Here, we
note that over the open of X}L#(p), we again see that the map is locally the composition of an
isomorphism with the inverse Cartier isomorphism (for the p™-Frobenius). For X}”wu(p), we see
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that for 7 in I, the map is simply an isomorphism, since locally we see that for p; locally the
map on differentials is an isomorphism, and so is the map p5w — pjw, since we see that locally
the map is also an isomorphism, since it will be given by V, o V.71 [l

8. PROOF OF MAIN THEOREM

8.1. Duality. Our first step is to take duals so that we may always assume that #1 < #I°.
For this, we recall that by Serre duality, we have an isomorphism

H(Sh™,w") ~ H*(Sh'™”, w* (= D)),

\4

where D is the toroidal boundary, and " := ((2 — k,), k) is the dual weight of &.

To see this, we will recall some key results about how 7}, interacts with duality. We first recall
the following result [ERX17h, Lemma 2.10], about how Serre duality intertwines with the action
of the Hecke operators.

Proposition 8.1.1. We have an isomorphism of cohomological correspondences
v _ g-1
) = Sp oT,.

In particular, we see that this implies that if we start with some v which is an eigenvector for
all Ty, £ # p, as well as T}, and Sy, then the dual will also satisfy these conditions.

8.2. Lifting eigenclasses. We now want to combine the analysis in §6| and §7| to show that
there is some I so that we can lift to a section of some line bundle on Z;. Recall the key
commutative diagram

1,21

RU(S,w") —2 s RT(Sn_, i5w") <2 RI(Z1,w"|z, ® det N7 4 [])
(8.2.1) T T lTZ;L

-
RT(Z1,w"|z, @ det N7 4[c]).

Proposition 8.2.2. Let v be an eigenclass in H/(S,w'). Let I be the set as in Corollary
[6.2.5. We assume that #1 < #I¢, otherwise we may take the dual. Then, there is some class
w € HI7(Z1,w"|z, @ det N1 1) lifting v along the top row in (8.2.1)).

Proof. We first claim there exists some positive integer n such that n > N; and T (v) # 0.
Note that since we assumed that v was an eigenvector for both 7}, and S,, this implies that
Tyn(v) = av for some non-zero constant v. Such an n will exist because suppose that we have
for some n > Nj, Tpn(v) = 0. Observe that we have T)2n = Tpn o Tyn — 2p™ - 1k, and since we
know that Sp(v) # 0, since it is an isomorphism, this implies that T2 (v) # 0.

Applying Corollary we see that there exists some class v/ € H7(S,w!=10.-=n.-) such
that v is the image of v’ after applying the partial § and Hasse operators, and there is some class
v" € HI(S,w't1e.-+1n-) which is the image of v under the partial Hasse and theta operators.

Now, observe that we thus have Tpn 1(v') = av”, for some non-zero constant a. From Propo-
sition [7.2:2] we see that the cohomological correspondence can be seen as supported on some
algebraic correspondence C such that p;(C') = Y7 4 and p2(C) = Y7 _. As aresult, we can factor
Tyn 1 as the composition

Tin
RI(S,w'to=~In=) — RD(Y] _, ph(w' ™o ~Inm)) =25 RI(Y 4, pi (W' o Tty — RI(S, wh o T,
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and in particular we see that the restriction of v’ to Y7 _ is non-zero, and similarly v” lies in the
image of the pushforward map from Y7 . Finally, we see that we have a commutative diagram

HI(S,w') Hi(Y;-, ') HO(Zy, 1)

I I |

Hi(Swi o=ty — & {i(Y;_jwt oIy« HYZ; wy)

l ! !

Hj(87wl_lg’__lh’_+10’++lh7+) Hj(YI*)wl_lg’__lh’_+]9’++]h7+) HO(quwI)u

where on the rightmost column all the maps are isomorphisms, and we observe that we can lift
the image of v’ along the bottom row. O

Proposition 8.2.3. Let w be as in Proposition and a the non-zero constant such that
T,2n(v) = av. Then, we have the equality

U;’Q”(w) — aUp(w) — Sy (w) = 0.

Proof. This follows from the commutativity of ([7.4.2]), and Proposition as applied to the
class v. 0

As a corollary, we can now see that w, and hence v, must be attached to an ordinary Galois
representation.

Corollary 8.2.4. We have that w € e(Uy)H'~¢(Z1,w"|z, ® det N7 4).

8.3. Doubling. We now want to construct a two dimensional subspace of ordinary classes. The
way to do this is by applying U}{ to w; we claim that this image is linearly independent of w.

8.3.1. We now need to show that the image of w, Ué’”(w) in H'=¢(Z1,w"|z, @ det N1 1) are
linearly independent.

For simplicity, we consider the case where p is inert; the general case is similar. Suppose on
the contrary that we have sz "(w) being a constant multiple of w. We want to show that this
also implies that w is an eigenvector of FpI ™ the dual to U; . Indeed, we observe that this is true
since w is an eigenvector for Ulf + Fpl . We will now show that the extension of w on D = Z;\Z7
is a zero of order at least p. To see this, observe that by assumption w has to lie in the image of

HO(Zy, 1) =2 102, k),
where r/ is of weight one at 7 ¢ (I U I~). Thus, we see that since w is an eigenvector, we
must have that w has a zero on Z7\Z7, and since it is the image of Frobenius, the order of the
zero must be a multiple of p. Thus, we see that in fact we have that w lies in the image of
HO(Zy, /(- D)).

Iterating this argument, and observing that FIf satisfies that pi (D) = gp2(D), we hence see
that w always lies in the image of the map

AN
HO(ZI7 WH_N(p_l)) ﬂ HO(Zfa w’i)a

for all integers N > 0. However, we see that this is impossible, since this implies that the
cohomology group HO(X,w"tN®=1(—D)) is nonzero for all N > 0, which is clearly impossible
since H(Z;,w(—ND)) is eventually zero.
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Now that we have established p-ordinarity, and doubling, we can proceed to show that that
Galois representation is unramified.

8.3.2. We now adapt the argument of [DW18], to show that since w, Ulf lies in the ordinary
part of H%(Zy,w"®), then the Galois representation p. attached to c is unramified.

We first observe that the image of v € H?(S,w™ 1) does not lift to a constant mod p
modular forms of Z;. Indeed, observe that the constant functions in H°(Z;,w®) map to zero
in H7(Y7_,w!) since they are the restriction of the constant functions.

Now, we denote by W :=TF, - w®F, - Ué(w)} the UI{ span of w. Note that it must be two
dimensional, since we have established that UIf (w),w are linearly independent, and moreover
the polynomial relation from Proposition [8.2.3|shows that this space is exactly two dimensional.

Assuming this, we may conclude as follows. Consider the minimal polynomial H of Ulf acting
on W. Thus, we have two possibilities: All the roots of H are equal, or we have at least two
distinct roots.

At least 2 distinct roots: The argument for this is standard, and follows exactly as in
[ERX17a], [DWIS]. Indeed, let a,3 be two distinct roots of H. Then, we may choose some
element f, € W, with the same prime to S Hecke eigenvalues, which moreover has T)-eigenvalue
given by a. Then there exists a lift of f, to a Tg[T)]-eigenform fo whose eigenvalues lift those
of fu, in particular f, is p-ordinary with Ty( fa) = & fo for some p-adic unit &. Moreover, since
the operators S, for ¢ ¢ S commute with the action of 7; we can assume in addition that fa
has central character € lifting e.

We have the following result of Wiles:

Proposition 8.3.3. V(fa) has a 1 dimensional quotient such that the decomposition group D,
of p acts on it by the unramified character sending Frob, to the unique unit root of X? — c, X +

é(p)Npsg(p)t.

In particular, taking reduction mod p, we have the following proposition:

Proposition 8.3.4. For any non-constant f, as above, the representation py,|p, admits a
1-dimensional unramified quotient on which Frob, acts by o.

Since « # 3, this shows that we have two non-equal 1-dimensional unramified subquotients
of pcl D,> Which implies p. is unramified. We also remark that this shows that H can have at
most 2 distinct roots.

We now consider the case where H has exactly one root. This is essentially the argument in
[DW18], we will adapt it to this situation.

Lemma 8.3.5. T)7 does not act semisimply on W.

Proof. Observe that if Tj acted semisimply on W, then the minimal polynomial of T would
be constant. However, we know the minimal polynomial of T)7 acting on W' is of degree at least
2. O

Now, suppose that p. is irreducible and H (X) has a multiple root a. If p. is not irreducible,
then it is the sum of two characters x1 ® x2. Moreover, we observe that the determinant of p, is
unramified at p, and given by x1x2. Since we know that p. has an unramified quotient, which
must correspond to one of these y;’s, we see that both x; and xs are unramified at p, and hence
pe is unramified at p.
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Denote by m’ the maximal ideal of T” corresponding to ¢ . Moreover, let m be the maximal
ideal of T'[T},] corresponding to ¢ and the choice of a.

Let T/, be the image of T’ in the ring of endomorphisms of H O(Sh%;r, W) . In particular, the
algebra generated by T’ acting on H O(Shﬁg,wi) is naturally isomorphic to T}, ®z, Fp. (Large
enough x such that H O(Sh%Zr,wﬁ) is torsion-free).

Moreover, we can write T' ®z, Q, as

TI ®Zp Qp =~ H Qp7

geN

where N is the set of newforms of weight , and T’ is a free Zy-lattice in this.

Lemma 8.3.6. The Hecke operator T} acting on M (n;Fp)n does not belong to T ®z, Fyp, and
hence does not belong to T'. However, T belongs to T' ®z, Qp.

Proof. The proof is exactly as in [DW18, Lem 4.8], we reproduce it here for completeness. Strong
Multiplicity One applied to each g € N implies that 1y € T ®z, Qp-
We have a T'[T)]-equivariant isomorphism

My(n; Zp)m @ Fp = My(n;Fp)m,

thus if T} belonged to T’ acting on My (n; Zy)m, then T} acting on Mj,(n;Fp)m would belong to
T). ® F), and we will now show that this is impossible.

Define W' as previously. Then W is a T'[T}]-stable subspace of My, (n;F,)m. Hence, if Ty
belonged to T}, @ Fp, T, ]f would also belong to T’ acting on W. However T’ acts on W by a
character, whereas by the previous lemma the action of T’ on W is not semisimple. g

We see from the construction of p. by [Car94, Théoreme 2], that there exists a free of rank
two T/,- module M with a continuous action of Galp such that the Galp action on M induces
a GF -equivariant isomorphism

M®o K ~ H V(g)
geN
where V(g) denotes the K[D,]-module corresponding to the Galois representation attached to
g. Note that by construction, by the previous result of Wiles, one has a short exact sequence of
K|[Dy]-modules
0—=V(9)~ = V(g = V(g)t —0.

where V(g)* and V (g)~ have dimension 1 over K. Moreover, D, acts on V(g)~ via an unramified
character mapping Frob, to &, a lift of a.
Now, we define
M= Mn H Vig)"
geN
and let
M™=ImM = [ Vig)).
geEN
This gives us a short exact sequence of T/, -modules

0->M" M- M =0,

and we want to show that the unramified mod m quotient M~ /mM ™ is 2 dimensional, hence

equal to M /mM.
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Since M~ is not 0, by Nakayama’s lemma for the local O-algebra Ty,, the F[Dp]-module
M~ /mM™ is not 0. Thus, it remains to show M~ /mM™ cannot be one dimensional. We will
show this by contradiction.

Suppose that M~ /mM ™ is one dimensional. Then, since M~ is a free O-module of the same
rank as T/, Nakayama’s lemma implies that M™~is a quotient of T},, and hence isomorphic to
T;,. Moreover, we know that the uniformizer w, acts on M~ via an element U € Ty,. Since
taking modulo m, U maps to the Hecke operator T}, which implies that T} € T}, a contradiction

to the Lemma above.
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